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vuliKuihMic  I  n  A  n  ^  ru  R  M  A  I  I  UM  0 


l  et  Xj,  x^,  ... ,  Xj,  ...,  (iettotc  tlic  coorclinatcf;  of  a  point  in  the  configuration 
space  of  a  physical  system.  To  every  value  of  the  index  i  there  correspond,  in  general,  a 
set  of  values  of  several  indices  iifcessary  to  specify  the  variable.  For  example,  if  the 
system  is  composed  of  severtil  particles,  there  may  be  an  index  indicating  the  kind  of  par¬ 
ticle,  another  specifying  a  particular  particle  from  among  several  of  the  same  kind;  if  x.  is 
a  space  coordinate  another  index,  which  may  assume  three  different  values,  shall  also  be 
described  by  the  symbol  x.  ^  etc. 

The  values  of  a  scalar  physical  (|uaiitity  at  the  points  of  the  configuration  space 
will  be  considered,  by  definition,  to  he  independent  of  the  reference  system.  In  a  particular 
system  they  may  be  expressible  as  a  certain  function  of  the  coordinates  ffXj^  X2,  ...  ,  x^^). 

If  a  change  of  reference  system  is  made  such  that  the  point  with  coordinates  Xj,  X2,  ...,  x„, 
in  the  original  system  has  the  new  coordinates  xJ,  Xj,  ...  ,  x„',  in  the  new  system,  the  def¬ 
inition  implies  that  the  identity 

f(x,,  Xj,  ...  ,  X„)  f1^X^,  Xj,  ...  ,  x„')  (1-1) 

is  satisfied  at  every  point  of  the  con  figuration  space. 

One  may  also  think  of  the  transformation  as  rotating  the  points  of  the  configuration 
r/pace  or  the  physical  system,  leaving  the  reference  frame  unchanged.  In  cither  case,  the 
definition  (1-1)  expresses  the  fact  that  the  value  of  the  physical  quantity  at  a  physical 
point  is  assumed  invariant. 


In  general,  the  explicit  form  of  the  new  function  jn  terms  of  the  variables  xJ, 

Xj,  ,,,,  x,^  will  be  different  from  that  of  the  original  function  f  in  terms  of  Xj,  Xj,  ...  ,  x,^. 

If  it  is  the  same,  the  function  is  said  to  he  symmetric  under  the  transformation  in  question. 
The  study  of  the  transformation  properties  of  the  eigenfunctions  of  physical  systems  is  a 
subject  of  considerable  interest. 

The  coordinate  transformations  to  be  cotisidered  are  rotations  of  the  coordinate  axes, 
inversion  at  the  origin,  and  permutations  of  the  indices  of  identical  particles.  The  coordinates 
of  a  point  in  the  original  system  and  in  the  new  one  are  related  by  a  unitary  transformation 


xf-  SRijXj 


(1-2) 
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If  we  denote  by  x  a  cohiinn  vector  vvilli  components  Xj,  x^,  and  siinilarly  for  we 

may  write  Mr).  (1-2)  in  matrix  notation 

X'  Rx  (1-S) 

The  transformed  fnnctioti  f_' will  lie  denoted  by  R  f,  and  rve  may  write  Eq.  (1-1)  in  the 

form 

f(x)  Rf(Rx)  SRf(SRx)  (1-4) 

The  explicit  form  of  the  transformed  function  can  be  doierniincd  from  the  form  of 
f(x)  and  the  transformation  matrix  R,  by  expre.ssinj;  x  in  terms  of  x' 

RffxO  f(R-'x')  (1-5) 

The  right-hand  side  may  then  be  expressed  in  terms  of  an  orthonormal  set  of  basis  functions 
in  the  .same  variables,  x'.  The  primes  may  then  be  omitted  so  that  one  arrives  at  an  expression 
of  the  form 

Rf(x)  ^  fi(x)(fi|Rf)  (1-6) 

where  the  coefficients  depend  only  on  tlic  parameters  characterising  the  transformation. 

The  transformation  may  he  considered  as  an  operator  acting  on  functions  to  generate 
other  functions.  The  definition  by  means  of  an  equation  of  tlie  form  (1-6)  is  consi.stent  with 
Eq.  (l-l)  when  the  right-hand  side  is  interpreted  as  in  F.q,  (1-5). 

It  i.s  perhaps  worthwhile  to  illustrate  the  meaning  of  Eq.  (i-;',)  by  considering  the 
case  when  the  function  f(x)  is  one  of  the  coordinates  themselves.  In  order  to  avoid  confusion 
we  shall  write 

fjfx)  X;(X)  -  Xj  (1-7) 

Eq.  (1-5)  i.s  now 

Rx;(x')  Xi(R-‘x')  -  (1-8) 

If  we  now  omit  the  primes,  we  obtain  an  cxprc.ssion  in  the  form  of  Flq  (1-6) 

Rx.(x)=-  S(R-i)ijXj  (i-9) 

This  is  not  merely  the  inverse  relation  of  Eq.  (1-2)  relabelled,  since  the  definition  (1-1)  is 
implicit  in  the  form  of  writing  the  left-hand  side.  We  shall  sec  the  difference  more  clearly 
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o 


when  we  consider  the  definitions,  not  equivalent  to  Eq.  (1-1),  adopted  by  other  authors.  One 
should  also  notice  that  with  the  present  definition  we  cannot  identify  x.'  witli  the  transformed 
function  of  X;. 

The  previous  definition  of  the  transformed  function  is  adopted  by  Wigner'  and 
Edmonds^  but  it  is  not  the  only  one  followed,  and  care  should  be  exercized  when  comparing 
or  making  use  of  results  and  expressions  in  the  literature.  Some  authors^  define  the  trans¬ 
formed  function  as  the  original  function  of  the  new  coordinates 

f(xO  -  Rf(x)  -  f{Rx)  (1-10) 

and  therefore 

SRf(x)  f{SRx)  (l-ll) 

For  the  inverse  transformation 

R-'f(x)  ^  f(R-'x)  (1-12) 

This  expression  should  be  compared  with  Eq.  (1-5).  H  may  he  seen  that  for  a  given  function 
f  and  a  given  transformation  matrix  R,  the  right-hand  side  in  both  equations  is  the  same  (the 
primes  may  be  omitted).  However,  while  Eq.  (1-5)  defines  the  corresponding  operator  as  R, 
the  operator  defined  hy  Eq.  (1-12)  is  the  inverse,  R‘*. 

As  before,  wc  may  consider  the  rase  when  the  original  function  is  one  of  die  coor¬ 
dinates.  According  to  Eq.  (1-10),  we  have  now  in  place  of  Eq.  (1-8) 

RXi(x)  fi(x:>»Xi'  (1-13) 

so  that,  according  to  this  definition,  the  transform  of  one  of  the  coordinates  is  the  corre¬ 
sponding  coordinate  in  the  new  reference  system.  In  place  of  Eq.  (1-9)  we  now  have 

Rxi(x)  SRjjXj  (1-14) 

i 

It  may  be  seen  that  the  matrices  whose  elements  are  the  coefficients  appearing  on  the  right- 
hand  sides  of  Eqs.  (1-9)  and  (1-14)  arc  inverse  to  each  other. 

It  is  Convenient  to  point  out  the  differences  that  these  two  definitions  introduce  in 
the  expressions  for  the  transformation  of  the  angular  momentum  eigenfunctions  under  rotations. 
These  are  usually  written  in  the  form 


Wif>ncr'  nnd  Ednumds ^'adopt  ilu-  definition  corresponding  to  Eiq.  (l-d)  while  Rose^ 
and  others  follow  the  one  corresponding  to  lio.  (1-10).  For  a  given  rotation  characterized  by 
fl.f-o.-.  ti'iilptrinn  .1.10  1...?  fl.‘fiiii*d  '.I  M 1 1  InKpMo.l  ill  i .  I  f'li  f  1 1 '  a  I  ffliilii.in  the  c.ir  f  f  ir  i  on  1 II  totli.t 
in  their  corresponding  expressions  are  the  elements  of  niatrice.s  D^'\a/fy)  wliich  are  the  in¬ 
verse  of  each  other,  so  that 

r>  '’-(«/) v)»,i  1  n  ‘i’fotty)*,,  (1-16) 

Altliongh  their  expressions  do  not  appear  at  first  sight  to  satisfy  this  relation,  this  is  only 
due  to  the  fact  that  tlie  three  F.iilerian  angles  are  designated  by  Wigneras  y,  /I,  and  a,  while 
the  same  angles  are  designated  as  n,  ,  and  y  I'y  Rose. 

Edmonds^  follows  tlie  same  definitions  as  Wigner  and  his  expression  for  the 
is  also  the  same.  However,  his  designation  of  the  above  Evilorian  angles  is  a,  p,  and  y  and 
this  is  inconsistent  with  tlie  definitions  adopted,  llis  expressions  arc  valid  only  if  the  labels 
a  and  y  arc  ititerclianged  either  in  his  definition  of  the  Eulcrian  angles  or  in  the  expressions 
for  the  elements  those  derived  from  it.  This  may  he  easily  .seen  if  one  con¬ 

siders  that  tlie  operator  R(n(!y),  defined  as  the  product 

lUn/ly)  R»  Ky(^)  R,(y)  (1-17) 

corresponds,  according  to  Eq.  (l-'l),  to  the  product  of  three  coordinate  transformations 

X'  -  R^(y)  X 

x"-Ry-(/))x'  (1-18) 

x'"-  R,-(rt)x" 
or ' 

x"'  -  I.R„"(«)  R.^'(/0  R..,(y)1  X 

the  first  one  being  a  rotation  by  an  angle  y  about  tlie  original  z-nxis,  and  tlie  last  one  n 
rotation  by  a  about  the  intermediate  z"-axi.s. 

EXAMPLES 

We  shall  illustrate  the  transformation  of  the  spherical  harmonics  Y  under 

some  of  the  simplest  coordinate  translormations.  The  definition  and  some  ot  the  most 
pertinent  properties  of  the  spherical  harmonics  are  given  in  Appendix  A. 


1-4 


R^(a).  Rotation  of  tlio  coordinate  frame  about  the  ?,-axis  by  an  angle  a. 


The  expressions  for  the  original  polar  angles  of  a  point  P  in  terms  of  the 
are  (sec  Fig.  1-1) 

0' 

</i  -  i^'+  a 


Since 


it  follows  that 


gim(',j  t  a)  ..  jjima  _  gitni^  ' 


R,(a)Y5'  (o;  a)  -  c‘"'“  Y™(fl',si') 


We  can  now  omit  the  primes. 

R,(a)  <l>)  e''"“  Y™(0,  .^) 

o 

We  shall  even  omit  the  polar  angles,  for  sini|)licity,  and  write 

R,(a)  Y'T  -  e""“  Y™  . 

^  t  0 


R,j(tt).  Rotation  about  the  x-axis  by  an  angle  n.  (See  Fig.  1-2) 

n-  e’ 

(f)  -  2it  —  (j)' 


Since 


and 


0'?(-cos0')  =  (-l)'^'-"’0  ^(cose')  =  (-1)^0  -"-(cos  0') 
T  -t  T 


:.im(  2ir— 0')  _  g“  im0  ' 


it  follows  that 


-i  Y“  I 


R,(tr)  Y|  =  (-1)'^  Y 


new'  ones 


(1*19) 


(1-20) 
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Ry(ir).  Rotation  about  the  y-axis  by  w.  (See  I'i/t.  1-3) 


0^-  n-O' 
y  ir  —  <3  ' 


Since 


and 


0™(-co.sO')  -  (-  1)  *’-  (cos  O') 

imv 


we  finally  have 


R^(;r)  V"  (-1)'  y;"' 


(1-21) 


iNvr.RsinN 

Inversion  tliroii^li  the  oripin  (I'it;.  1-4) 

0  n  -  0' 

<3  ■  <!>'  —  a 

Since 

0"'(-cosO')  -  (-  1)'’">'  0'^{co.sO') 
and 


giiii(<3  '—IT)  I)— fn 


*  /  * 
,  I  m  (,^ 


we  finally  obtain 


1  y" 

c 


(_1)  C  ym 

't 


(1-22) 
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2.  BASIS  FUNCTIONS,  OPERATORS. 


In  whcTr  followa  we  sliall  use  Dirac's  notation  witoncvcr  convenient  (*).  Functions 
shall  be  labelled  by  one  or  several  indices  or  i|uantijin  numbers,  and  written  in  the  form 

|a  F---)  (2-1) 

Only  the  ininiinum  necessary  number  ol  iiiilices  will  l>c‘  retained.  If  several  func¬ 
tions  are  considered,  the  common  indices  will  be  omitted. 

Tbe  Hermitian  scalar  product  of  two  functions  |  i  )  and  |  j )  will  be  written  as 

/■A*  -Aidr  =,  (i|j)  =  fi|i)*  (2-2) 

The  matrix  element.s  of  an  operator  P  will  be  written  as 

(i|P|j)  -  (.AilP^tj)  -  (P^  (2-3) 

For  a  Hermitian  operator,  11  H*, 

(illlli)  =  (tAJIl  -  (II  (2-d) 

while  for  a  unitary  operator  R**  = 

(i|R|j)  -  ('AilR  <l>;)  -  (R'*  lAiltAi)  (2-5) 

Consider  a  set  of  basis  functions  10  j),  102)''”’  shall  assume  that  they 

form  a  complete  orthonorinal  set,  so  that 

(0il0j)  "  5(i.))  (2-6) 

and  an  arbitrary  function  |f)  may  be  expanded  in  terms  of  those  of  tbe  basic  set 

10  =  f  I0i)  (0ilO  (2-7) 

Similarly,  tbe  action  of  an  operator  R  on  the  basis  functions  may  be  expressed  in 
the  form 


RI'Aj)  =  |0i)(0i|R|0j) 


(2-8) 


’Due  to  typogrnphical  limitations  the  usual  angulut  brackets  <>  will  be  replaced  by  paienlheses  (  ), 
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The  coefficients  (t//;|R|i//j)  ore  the  matrix  elements  of  the  operator  R  in  that  basis. 

Ay 

If  we  consider  the  basis  functions  as  the  eiemenis  of  a  row  vector  'I*  and  the  trans- 
formed  functions  R|i/rj)  as  the  cloinems  of  another  row  vector  R  we  can  write  the  previous 
expression  in  matrix  form. 

R  'I'  -  V  D(R)  (2-9) 

It  may  be  noticed  that  on  the  right-hand  side  the  matrix  D(R)  appears  as  a  post-multiplier. 

If  two  operators,  R  and  S,  are  applied  in  succession,  we  have 


S  [R  V]  =  S  D(R)1  =  tS  D(R) 

(2-10) 

[S  Rl  <{<  =  ?  [D(S)  D(R)1 


so  that  the  matrix  of  the  product  (SR)  is  the  product  of  the  corresponding  matrices,  written 
in  the  same  order. 

If  we  make  a  change  of  basis 

=  $  A  (2-11) 

the  elements  of  A  are  the  transformation  coefficients 

Ajj  =  (-//Ji/zp  (2-12) 

The  action  of  the  operator  R  on  the  new  basis  functions  is 

R  T'  =  [R  ¥1  A  =  V  D(R)- A  =  ?'A'l  D(R)  A  (2-13) 

and  therefore,  the  matrix  of  the  operator  R  in  the  new  basis  is  related  to  the  old  one  by  a 
similarity  transformation 

D'(R)  =  A-‘D(R)A  (2-14) 

If  the  new  basis  functions  also  form  an  orthonormal  set,  the  transformation  is  unitary, 

-  A1  =  A-1  (2-15) 

and  the  matrix  of  R  in  the  new  basis  is 

DTR)  -  AtD(R)A  (2-16) 
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Wliilc  the  matrix  elemefits  of  nn  operator  in  two  ilifferetit  basis  are  dilferent,  (2-16), 
we  may  ask  wherlier  there  is  an  operator  having  the  samf:  inafrix  '  lemeiiis  in  the  new  itasis 
as  the  old  o|)erator  had  in  the  old  basis,  tliat  is 


(0;|P|^j)  -  (A,(/i|P'|A./,j)  (2-17) 

If  we  multiply  the  operator  P  on  the  left  hy  A^(A"*)^  and  on  the  right  hy  A"  *  A  we 
shall  have 

(.Z-i|P|.//j)  -  (tAi|A*(A-‘)*  P  A’‘A|i//j) 

(2-18) 

=  (Ad/i|(A‘l)^  P  A-ljA  tA.) 


and 


Therefore,  we  obtain  identical  results  with  the  operators 

P  in  the  basis  |t/tj) 

(A*')t  PA*1  in  the  basis  | A  i/; ;) 


and  both  descriptions  are  equivalent.  For  a  unitary  transformation 


(A'l)^PA‘‘  =  APA'> 


(2-19) 
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3.  GROUP-THEORETICAL  CONSIDERATIONS 


Let  |'A2)i  ...I,  be  an  ortlionornial  set  of  functions  which  under  the  oper¬ 

ations  of  a  symmetry  group  transform  into  linear  combinations  of  themselves 

R|.//j)  =  5:i|^/;)(0i|R|y.j)  (3-1) 

or,  in  matrix  notation, 

RV-tD(R)  (3-2) 

The  group  of  matrices  D(K)  constitute  a  representation  of  the  group,  and  the  set  of 

f\j 

functions  is  said  to  form  a  basis  for  the  representation. 

If  we  introduce  a  change  of  basis  by  means  of  a  linear  transformation  (non-singular) 

M'''-vA  (3-3) 

the  new  basis  functions  transform  as 

R'i''»rD'(R)  (3-4) 

The  matrices  of  both  representations  are  related  by  the  similaiity  transformation 

DTR)  =  A-'  D(R)  A  (3-5) 

and  the  two  matrix  representations  are  said  to  be  equivalent. 

For  a  given  matrix  representation,  D(R),  the  basis  function  |i//j)  is  said  to  belong 
to  the  i-th  row  of  titc  representation,  since  its  coefficients  in  the  transformation  expression 
(3*1)  are  tKc  elements  of  the  i-th  row  of  the  matrices  D(R).  The  other  functions  are  called 
its  partners.  Notice  that  this  definition  is  made  in  reference  to  a  particular  matrix  presen¬ 
tation.  If  an  equivalent  matrix  representation  is  chosen,  such  as  that  afforded  by  the 
matrices  D'(R),  the  function  that  belongs  to  the  i-th  row  will  be  |v!'.'). 

One  may  also  consider  the  operations  of  the  group  as  acting  on  the  physical  opera¬ 
tors  involved  in  the  problem,  rather  than  on  the  basis  functions.  An  equivalent  description 
is  obtained  if  the  transform  of  an  operator  P  under  a  (unitary)  operation  of  the  group  is_ 

P'»RPR*‘  (3^5) 
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As  in  tilt;  case  of  the  basis  functions,  tlic  operators  may  also  be  classified  accord¬ 
ing  to  their  trails  format  ion  properties. 

For  a  given  matrix  representation  D(l'l),  if  a  set  of  ojicrators  P,,  P^,  .  .  .  .  Pj  trans¬ 
form  under  the  group  operations  in  the  form  (compare  with  Kq,  (3-1)) 

RPjR-‘ =  (3-7) 

they  are  said  to  belong  to  that  representation,  and  in  particular  Pj  is  said  to  belong  to  the 
i-th  row. 

Of  special  interest  are  the  symmetric  operators.  According  to  the  preceding  defini¬ 
tion,  an  operator  A  is  said  to  be  symmetric  if  for  every  group  operation 

RAIl-l  =  A  (3-8) 


or 

RA-AR  (3-9) 

that  is,  a  symmetric  operator  commutes  with  all  the  operations  of  the  group. 

All  the  preceding  considerations  apply  equally  to  both  reducible  and  irreducible 
representations.  For  irreducible  representations  some  important  theorems  apply,  and  we 
shall  refer  to  them  briefly. 

In  what  follows,  functions  that  belong  to  irreducible  representations  will  be 
labelled  by  two  indices,  the  first  corresponding  to  the  irreducible  representation,  the  second 
to  the  particular  row  to  which  they  belong.  Other  additional  labels  will  be  necessary  in 
general,  since  there  may  be  several  sets  of  functions  with  the  same  transformation  proper¬ 
ties,  but  we  shall  omit  them  unless  they  are  required.  For  an  irreducible  representation  y, 
the  basis  functions  transform  as 


R  lyp)  ^  51;^|yA)(y\lRly/j) 


(3-10) 


The  orthogonality  relations  of  irreducible  representations  may  be  written  in  the  form 

SR(yplR-nyX)(y'AlR|yR')=|  5(y,y')S(g,/i')5(A,A')  (3-U) 

where  h  is  the  order  of  the  group  and^  the  dimension  of  the  irreducible  representation. 

In  what  follows  we  shall  assume  that  the  matrix  representations  are  unitary.  In 
this  case  . 


D'>(R)  =  D1(R) 
(yF|R''|yA)“  (yXlRlyg)* 


(3-12) 
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(3-13) 


and  the  orthogonality  relations  take  the  form 

(y'A'|Rly'ft')==5-  5(y,y ')  S(,t,,t ')  5(A,A ') 

A  very  important  theorem  applying  to  the  class  of  symmetric  operators  may  be  stated 
as  follows; 

The  matrix  elements  of  symmetric  operators  between  functions  tliat  belong  to  differ¬ 
ent  irreducible  representations  or  to  different  rows  of  the  same  irreducible  representation 
are  zero. 


The  proof  may  be  given  briefly.  Consider  the  sets  of  functions  (ny/t)  and  |a'y '/<'), 
the  indices  a  and  a'  being  necessary  since  we  may  have  y  -  y'and  /i  -  p'.  Under  the  opera¬ 
tions  of  the  group  they  transform  as 

Rjay/x)  =  X^_,  (ayA)  (yA|R|yp)  (3-l'1) 

Also 

ARln  y>')  -  Ala'y'A')  (y'AlRIy'p')  (3-15) 

If  we  take  tlie  Hermitian  product  of  (3-14)  and  (3-15)  and  consider  that 

RUr  -  RtRA  A  (3-16) 


we  obtain 

(ayp|A|a  yV')  = 

^A^A'  (vAlRiv/O*  (y'AlRjy  p')  (ayAlAja'y'A')  (3-17) 

Ry  adding  over  all  the  operations  of  the  group  and  introducing  the  orthogonality 
relations 

h(ayplA|a'y'/t')  =  5:;^SA'(ayA|Ala  y'A')^  5(y,y')  5(p,  p ')  8(A,  A ')  (3-18) 

(ayp|A|a  y  p')  =  5(y,y')5(p,p')  ^(oyAlAjayA)  (3-19) 

In  addition,  the  right  hand  side  is  independent  of  p,  so  that  it  is  the  same  for  all  partners. 

In  particular,  since  the  unit  operator  is  symmetric,  functions  that  belong  to  different 
irreducible  representations,  or  to  different  rows  of  the  same  irreducible  representations, 
are  orthogonal. 
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4.  PROJECTiON  OPERATORS  AND  SYMMETRY  hliNtliUNS 


If  vvc  have  an  orchonormal  set  of  basis  functions  for  each  of  the  irreducible  represen¬ 
tations  of  a  group,  the  matrices  of  the  operators  R  of  the  group,  in  the  representation 
afforded  by  all  those  basis  functions,  of  dimension  h  '  (=  S  dy)are  of  the  form 

y 

rD(>>(R)  0  0  0  1 


0  D<2\k)  0  0 


0  0  D^y^fR)  0 

0  0  0  >(R) 


(d-l) 


We  can  express  those  matrices  in  terms  of  very  simple  ones  if  we  consider  that  any 
matrix  of  order  d  may  be  expressed  as  a  linear  combination  of  d^  matrices  of  the  same  order, 
each  of  which  contains  only  one  non-vanishing  element  in  a  particular  row  and  column.  For 
example,  any  second  order  matrix  may  be  expressed  in  terms  of  the  four  matrices 


1  0 
0  0 


and 


(4-2) 


These  may  be  considered  as  the  matrices  of  four  operators  Pjj,  P22  i  Pi2  1  P21 

in  the  space  of  two  basis  functions  |l)and  |2).  The  transformation  equation  (2-9)  takes  now 
the  forms 

(Pi, ID,  P, ,!?)]  =  [ID,  12)1  '  ^  ° 


or 

Similarly, 


or 

In  general. 


0  0 


Pj,il)=  ID,  P,,|2)=0 


iPi2in,  P,2l2)l  -  [|D,  !2)] 


0  1 
0  0 


Pl2|l)  =  0,  P,2|2)=|l) 
P„^|^0=  |a)  5(/3,/3') 


(4-3) 

(4-4) 

(4-5) 

(4-6) 

(4-7) 
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The  operatois  are' "projection”  operators,  and  the  operators  of  the  type 
are  called  "ladder”  operators  or  "step”  operators. 

In  our  case,  the  matrices  (4-1)  of  the  operators  R  have  at  most  ]i(=  d^)  non¬ 

vanishing  matrix  elements,  and  may  be  expressed  in  terms  of  h  matrices  of  the  type  men¬ 
tioned.  The  corresponding  operators  will  be  designated  by  P^^^  . 

The  fact  that  the  only  non-vanishing  matrix  element  of  is  the  one  in  the  X-th 
row  and  the  p-th  column  of  the  y  representation  may  be  expressed  by 

=  -(y^y')  (4-8) 

They  operate  on  the  basis  functions 

IrV')  =|yX)  S(y,y')  (4-9) 


to  give  the  same  function,  or  a  partner,  or  zero.  They  operate  in  tjie  same  form  on  each  other 


rj<y)  pfy  )  _ 
Xp  fi  V 

Px^^  «(y. 

,y')  S(p,p') 

(4-10) 

They  are  real 

- 

(4-11) 

They  are  not  Hermitian, 

but 

(4-12) 

The  relations  between  the  operators  and  the  operators  R  of  the  group  are  easily 
established.  From  the  previous  considerations  it  is  almost  evident  that 


(4-13) 

y,A,fi  Ap 

The  inverse  relation  giving  the  operators  pj^^  in  terms  of  the  R's  is  obtained  by 
multiplying  both  sides  of  Eq.  (4-13)  by  (y'X''|R|y  p'ji*  and  adding  over  all  the  group  opera¬ 
tions,  taking  into  account  the  orthogonality  relations 

SR(y^'lR|y>')‘R  =  (y^'lRlyp')*  (yX|R|yft)  =  ^ 

or 

2:R(yA|Rlyp)*R  (4-14) 

It  may  be  pointed  out  that  the  expression  (4-14)  of  tliese  operators  depends  on  the 
particular  matrix  representation  considered.  This  is  only  a  reflection  of  the  fact  that  the 
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projection  operators  are  defined  in  reference  to  a  particular  choice  of  axis,  or  basis  func¬ 
tions.  One  may  also  define  a  similar  set  of  operators  pf)'!  bearing  the  same  relation  to  the 
characters  as  the  bear  to  the  elements  of  the  irreducible  representations. 

The  expression  (4-15)  for  these  is  independent  of  the  particular  form  of  the  irre¬ 
ducible  representations, 


The  sum  of  all  the  projection  operators 


(4-16) 


has  the  unit  matrix  of  order, It 'as  representative,  and  may  therefore  be  considered  as  the 
unit  operator. 


Any  arbitrary  functixm  on  which  the  operators  R  may  act,  can  be  expanded  as  a 
sum  of  functions  that  bclonjt;  to  the  different  rows  of  the  different  irreducible  representations. 

10- VPi^AV)  =  i:y,AlP/^)  (^*17) 

The  individual  projection  operators  select  from  the  function  |f)  that  part  jfyA) 
which  transforms  according  to  a  particular  row  X  of  a  certain  irreducible  representation  y, 

1^A>'aM0  =  |fyX)  (4-18) 

The  other  operators  P^/4  i  a.ssociated  with  the  different  rows  of  the  same  column, 
applied  to  |f)  generate  the  partners  of  jfyX) 

Pa’''aI0=  |fyX')  (4-19) 

That  IfyA')  is  the  A'-th  partner  of  |fyX)  follows  easily  from  the  fact  that  the  operator 
applied  to  the  latter  gives  the  former. 

If  the  transformation  of  the  function  jf)  under  the  group  operations  R  is  known,  the 
symmetry  functions  |fyA)  can  be  obtained  explicitly  by  means  of  Eq.  4-14) 

|fyA)  =  |iv^(yA|RlyA)*  R|f)  (4-20) 

lfyA')=.i£^(yA'iR|yA)*  R|f)  (4-21) 

These  are  the  basic  equations  used  to  obtain  symmetry  functions  by  use  of  projec¬ 
tion  operators. 
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As  rt  final  reinark  wc  shall  mfiilioii  the  fact  that  the  operators  associated  with  the 
differcMit  rows  of  any  (’iven  coliiinn  of  an  irreducible  representation  transform,  on  pre- 
multiplication  by  an  operation  of  the  i;roup,  into  linear  combinations  of  themstdves  and  in 
exactly  the  same  form  as  tlie  basis  functions. 


I!y  relabeling,  Itq.  {d-d  3)  and  multiplying  both  sides  by  ,  we  obtain 


'ix  -  I’X?  iff  (/A'iKlyV) 


(4-22) 


and  since 


it  follows  that 


p«»;) 

/tA 


(4-23) 


iff’  --A'  H‘/ffrA'|Kly,0  (4-24) 

Tills  may  be  compared  with  the  transformation  of  the  basis  functions,  Liq.(3-I0) 

R|y;0-  i-y  lyA')(yA'lRly,,)  (4-25) 


Symmetric  operators  conimute  with  all  the  This  follows  from  the  definition 

of  sytnmetric  operators  (liqs.  3-8,  9)  and  tlie  fact  that  the  tire  linear  combinations  of 
the  operations  of  the  ^roup  (liq.  4-14).  If  A  is  symmetric, 

APjl>'>  P{A)a  (4-26) 


SYMMETRY  FUNCTIONS 

A  more  general  problem  than  the  expansion  of  a  function  in  terms  of  symmetry 
functions,  in  the  form  of  liq.  (4-17),  is  the  following:  Given  a  set  of  functions  (fj),  |f2)).  •  •  » 
Ifp)  whose  transfortnations  under  the  operations  of  a  group  arc  known,  it  is  desired  to  find 
the  linear  combinations  of  them  which  belong  to  the  different  rows  of  the  irreducible  repre¬ 
sentations  of  the  group.  This  problem  presents  itself  whenever  the  Hamiltonian  or  other 
physical  operators  of  interest  are  invariant  or  have  some  definite  symmetry  properties.  It 
is  desirable  to  make  a  linear  transformation  from  the  original  basis  to  a  basis  composed 
of  symmetry  functions. 

We  shall  always  assume  that  the  given  set  of  functions  form  an  orthonormal  basis 
for  a  representation  of  the  group.  This  implies  that  the  transformed  functions  R|fj)  can 
always  be  expressed  as  a  linear  combination  of  functions  whicli  are  all  part  of  the  initial 
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set.  Otherwise,  the  basis  should  be  completed  by  including  the  necessary  number  of  inde¬ 
pendent  functions  generated  by  the  action  of  the  group  operations  on  the  jfj)  which  are 
orthogonal  to  them  (and  among  themselves). 

If  the  characters  of  the  representation  (generally  reducible)  afforded  by  the  functions 
|fj)  are  designated  by  x(R),  the  number  of  independent  sets  of  partner  functions  belonging 
to  the  representation  y,  is  given  by  the  familiar  expression 

n.,  =  •  x(R)  (d-27) 

'  h  R 

Accordingly,  if  an  niier.-itor  is  applied  to  all  the  functions  of  the  set  lf|),  the  number 
of  non-vanishing  symmetry  functions  jfjyX)  generated  is  greater  than  or  equal  to  ny  The 
required  number  of  symmetry  functions  may  be  chosen  quite  arbitrarily,  provided  they 
are  independent,  and  the  selected  functions  may  he  orthogonalized  by  any  of  the  usual 
methods.  Actually,  in  virtue  of  some  convenient  properties  of  these  operators,  it  is  advan¬ 
tageous  to  carry  out  the  selection  and  the  orthogonalization  concurrently,  thus  insuring 
also  the  linear  independence  of  the  selected  symmetry  functions.  In  order  to  illustrate  the 
method,  let  us  first  consider  the  conditions  for  the  orthogonality  between  functions  generated 
by  a  given  operator, 

The  Hcrmitian  product  of  the  functions  ‘''nd  is,  according  to  Kqs. 

(4-12)  and  (4-10) 

-  (f|P<,>;lU)  (4-281 

and  therefore,  orthogonality  between  |f)  and  |g)  does  not  entail  the  orthogonality  of  the 
"projected”  functions.  These  are  orthogonal  only  if  |f)  is  orthogonal  to  P^J^^Ig),  and  conse¬ 
quently  |g)  to  P^^V).  In  reference  to  any  two  functions  of  the  initial  set,  since 

=  ^ifi)(fiip,l]:Vi)  (4-29) 

the  orthogonality  between  Pj^^^^jf;)  and  Pj[|^^!fj)  implies  that  does  not  "contain” 

jfj),  and  conversely,  that  P^|[^lfj)  does  not  contain  |f;).  It  may  be  noticed  that  the  result 
is  independent  of  X,  so  that  all  the  pairs  of  corresponding  partner  functions  generated  from 
|f|)  and  |fj)  have  the  same  Hermitian  scalar  product.  (Cf.  Eq.  3-19) 

The  orthogonalization  process  may  then  be  carried  out  as  follows: 

a)  Select  a  function  jgj),  which  may  be  one  of  the  initial  functions  or  a 
linear  combination  of  them. 
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b)  Let  all  the  associated  with  a  certain  column  /r  oi^rate  on  j^j).  The 
symmetry  set  of  functions  obtained  may  be  taken  as  one  of  the  possible 
sets. 

c)  Select  a  function  l>i2)i  ortho)>oual  to  any  l)j  say  to 

d)  Let  all  the  associated  with  the  column  operate  on 

of  symmetry  functions  obtained  will  be  orthogonal  to  the  previous  one.  • 

e)  Seket  a  function  Igj),  orthogonal  to  and  Ppjl'lg2))  etc. 

The  preceding  sequence  of  operations  should  he  continued  until  the  independent 
symmetry  sets  have  been  obtained.  The  process  may  be  carried  out  by  using  only  the 

operators  associated  with  one  column  =  = . ),  but  the  freedom  of  choice  is  often 

important  to  simplify  the  process. 

It  may  happen  that  one  of  the  functions  selerteii  is  such  that  =  0.  If  it  is 

zero  for  one  value  of  X,  it  will  vanish  also  for  all  others,  since 

=  0  (4-30) 

This  implies  that  the  function  |gj)  does  not  contain  any  of  the  possible  functions  belonging 
to  the  row  p,  or  that  it  is  orthogonal  to  them.  One  may  then  select  a  new  |gj)  function 
orthogonal  to  the  old  one  as  well  as  to  all  previous  symmetry  functions  P^^'lgj)  which 
belong  to  the  row  g,  and  continue  the  orthogonalization  process. 

The  symmetry  functions  are  not  normalized,  but  the  normalizing  factor  N 

is  easily  determined.  The  Herrnitian  scalar  product  of  one  of  the  symmetry  functions  with 
itself  is 


N'  pji/:Mgi)=(giip;’:Mgi)  (4-31) 


This  is  the  same  for  all  partners,  as  the  result  is  independent  of  X. 

If  the  function  is  one  of  the  initial  |fj)  this  result  is  especially  simple,  as 

is  the  coefficient  of  |fj)  itself  in  the  expression  (4-29)  for  P^^^lf;)-  The  normal' 
ized  symmetry  functions  are  given  by 


(4-32) 
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Once  the  symmetry  functions  have  been  determinetl,  the  change  of  basis  may  be  performed 
by  means  of  the  transformation 


(4-33) 


As  already  mentioned,  the  only  non-vanishing  elements  of  symmetric  operators  in  the  new 
basis  are  those  between  functions  which  belong  to  tlie  same  row  of  the  same  irreducible 
representation,  Eq.  (3-20) 


There  is  a  further  important  theorem  arising  from  the  fact  that  symmetric  operators 
commute  with  all  the  (Eq.  4-26),  and  from  the  multiplication  properties  of  these 

operators  (Eq,  4-10).  If  the  symmetry  functions  are  obtained  by  means  of  the  projection 
operators,  the  matrix  elements  may  be  simplified  as  follows 


A 1  gj)  =  A I  pjtwgj) = (gj  A 

=  (8i|AlP^>;>gi)^(P<^)gi|A|gj) 


(4-34) 


In  pafticular,  if  only  the  operators  corresponding  to  the  column  n  are  used 
(Pff  gil  A  1  -  (Sil  A  1  P%^  gj)  =  (PWg;  1  A  I  gj)  (4-35) 

As  might  be  expected,  the  results  are  also  independent  of  the  particular  row,  A,  of  the 
representation. 
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X' 


EULER'S  ANGLES 
FIG.  5-1 


5.  TRANSFORMATION  OF  THE  ANGULAR  MOMENTUM 
EIGENFUNCTIONS  UNDER  ROTATIONS 

A  rotation  of  the  frame  of  reference  that  firings  the  set  of  axes  x,  y,  z,  into  coin¬ 
cidence  with  the  new  set  x. '  y z'  may  he  considered  as  the  product  of  three  succesive 
rotations  by  the  Eulerian  angles  n,  (i,y,  that  may  be  described  as  follows: 

a)  A  rotation  by  y  about  the  Z-axis,  leading  to  the  intermediate  set  of  axes 

ft  »»  . 

X  ,  y  ,  z  . 

b)  A  rotation  by  ft  about  the  intermediate  y"-axis. 

c)  A  rotation  by.«  about  the  new  z-axis,  lending  the  final  set  of  axes  x',y',z' 

These  operations  are  illustrated  in  Fig.  5-1.  All  rotations  are  considered  in  the 
positive  sense.  We  may  write  the  transformation  matrix,  Eq.  (1-18)  as  the  product 

R(a/dy)  =  R2'(a)  Ry  R^(y)  C5-1) 

The  corresponding  product  of  operators,  defined  as  in  Eq.  (1-17)  is 

H(afly)  -  R^(a)  Ry(^)  R  Jy) 

The  usual  ranges  for  the  Eulerian  angles  arc 
0  ^  a  <  2ir 

0  <  y  <  2tT 

0  <  P  <  ” 

but  for  /3  “  0,  the  only  other  parameter  necessary  to  specify  the  rotation  is  a  +  y  and 
similarly,  for  /3  =  tt  only  the  difference  «  -  y  is  relevant. 

This  choice  of  limits  insures  a  one  to  one  correspondence  between  the  sets  of 
values  of  the  parameters  and  the  rotations  of  a  rigid  body.  Other  choices  of  limits  are 
possible. 

When  considering  the  transformation  under  rotations  of  the  angular  momentum 
eigenfunctions,  a  rotation  by  2n  about  any  axis  is  no  longer  the  unit  operation,  as  the 


(5-2) 


(5-3a) 
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eigenfunctions  for  half-integral  quantum  numbers  are  trnnsformed  into  their  negatives. 

The  transformations  of  the  angular  momentum  eigenfunctions  to  be  considered  are  those 
of  the  two-dimensional  unitary  group,  rather  than  the  three-dimensional  pure  rotation  group.** 

The  familiar  language  about  rotations  may  be  preserved  if,  proceeding  as  Bethe,^ 
the  range  for  the  angle  of  rotation  about  a  given  axis  is  extended  to  0  <  (j)  <  An,  and  ro¬ 
tations  by  angles  differing  by  2ir  are  no  longer  considered  equivalent. 

The  correspondence  between  these  generalized  rotations  and  the  sets  of  Eulerian 
angles  can  also  he  insured  by  an  appropriate  choice  of  limits.  A  convenient,  symmetric 
choice  is,  for  example 

<  a  +  y  s  IT 

~n<a-y<n  (5.3,^) 

~2n  <  fi  <2n 

To  every  set  of  parameters  in  these  intervals  there  corresponds  a  unitary  transformation 
or  generalized  rotation. 

The  theory  of  the  angular  momentum  and  that  of  rotations  in  three-dimensional  space 
are  very  closely  connected.  The  eigenfunctions  Ijm)  may  be  derived  as  eigenfunctions  of 
the  operators  and  Jj.,  and  also  as  basis  functions  for  the  irreducible  representations  for 

the  three-dimensional  rotation  group.  The  relation  between  the  operator  associated 

with  a  rotation  by  an  angle  0  about  an  axis  defined  by  the  unit  vector  n,  and  the  operators 
n  ‘J  of  the  component  of  the  angular  momentum  along  the  axis  of  rotation  is  given  by*“^ 

R„(0)  =  (5-4) 

so  that,  for  example 

R^(a)  =  Rj,(/3)  =  (5-5) 

The  rotation  operators  commute  with  J^.  Also,  the  operator  associated  with  a 
rotation  about  a  certain  axis  commutes  with  the  operator  of  the  component  of  J  along  that 
axis. 


Accordingly,  the  angular  momentum  eigenfunctions  |jm)  transform  into  eigenfunctions 
of  J  ^  with  the  same  eigenvalue,  j,  under  all  rotations.  For  rotations  about  the  z-axis,  the 
eigenvalue  m  of  J  ^  is  also  preserved,  the  eigenfunction  being  only  multiplied  by  a  phase 
factor 
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KJa)  Ijm)  =  |jm)  e*"'^ 


(5-6) 


However,  a  rotation  a'uout  any  other  axis  will  change  the  direction  of  the  axis  of 
quantization  and  consequently  the  eigenvalue,  tn,  of  the  component.  In  general,  the 
transformed  function  will  be  a  linear  combination  of  functions  Ijin'),  with  m' ranging  from 
-j  to  j,  For  example,  the  transformation  equation  for  a  rotation  about  the  y-axis  is 


R(0f30)  Ijm)  =  Ijm')  ()m1R(0)30)|im) 

m ' 


m 


(5-7) 


In  the  general  case, 

R(aPy)  Ijtn)  -  SJjm ')  (jm 'lR(a^y)| jm) 

(5-8) 

m 

If  the  rotation  is  expressed  as  the  product  R^Ia)  Ry(j8)  Ra(>')  and  Eqs,  (5*6)  and 
(5*7)  are  introduced,  we  can  write 

R(apy)  |jm)  =  1  |jm')  e‘"’'“  ‘l,|,ti^()3)  (5-9) 

m 

This  transformation  matrices  are  irreducible  representations  of  the  three-dimensional 
rotation  group  or,  more  precisely,  of  the  two-dimensional  unitary  group,  ^  Explicit  expressions 
for  the  matrix  elements  in  terms  of  the  three  Eulerian  angles  have  been  given  in  the  literature. 
The  definitions  used  by  different  authors  are  slightly  different.  The  conventions  we  have 
followed  are  those  of  Wigner'  and  Edmonds.^ 


(j  +  m)!(i  -  m)! 


(j+m')l(j-m')l 


1/2 


(cos  -|-) 


2i 


]  +  m 
m -m-f^ 


(tan  -^) 


2v 


(5-10) 


the  summation  index,  v,  assumes  all  integral  values  for  which  the  arguments  of  the  factorials 
are  non-negative. 
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The  rotation  matrices  have  certain  symmetries  arising  from  their  unitary  character 
and  tlte  clioice  of  basis  functions.  They  are  obtained  veiy  easily  fioin  the  symmetry  properties 
of  the  matrices  for  the  components  of  tlie  angular  momentum. 

With  the  usual  choice  of  phases,  the  only  non-vanishing  elements  of  ]  ^,  ]  and  Jy, 
are  of  the  form 

(i'nlJaliin)  =  m 

(),">  +  1|J  ^Ijm)  -L  [()  7  m)  (j  ±  m  +  1)1  (5-11) 

(j,m  +  llJyljm)  +  -^[(j  Tm)  (j  i  111  +  1)1^2 

The  first  symmetry  property 

(iiii'IJ^Ijm)  =  (jnilJjJjiiT)*  (p--x,y,  z)  (5-12) 

simply  expres.ses  the  Herrnitian  character  of  these  operators,  and  is  shared  by  all  their 
integral  powers,  (J^)**. 

The  second  symmetry  property  gives  the  relation  between  complex  conjugation  and 
a  cliange  in  sign  of  the  projection  quantum  numbers  (inversion  of  rows  and  columns). 


^  (-1)'"'-"’"  ^(),  -m)  (5-13) 

For  the  integral  powei.  ,  this  relation  takes  the  form 

(im'l(],,)‘'|im)*  -  (-l)"’'-'"-"'‘(i,-ni'|(J^)'‘li,-ni)  (5-14) 

and  we  also  have 

()m'|(ij/|jm)*=  (~l)'"''-"'(i,-in'|(iJ^)M),  -ai)  (5-15) 

For  the  rotation  operators 

(ij/  (5-16) 


the  first  symmetry  relation  corresponds  now  to  the  unitary  character  of  R^(0),  and  the  second 
takes  the  same  form  of  Eq.  (5-15).  In  summary,  the  two  independent  symmetry  relations  of 
the  matrix  elements  of  the  rotation  operators  are 
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(jm'IRIjm)  (jm|R‘ 


(5-17) 


(jm'lRIjm)  =  (-1)"' (j,-m'|R|j,-m)’ 

In  particular,  for  rotations  about  the  y-axis,  the  matrix  elements  are  real,  and 


d^'?  (-^1)  -  d^’^(fl)  (5-18) 

m  m  m  m 

For  every  value  of  ft,  the  syimiietry  relations  connect  four  elements,  as  follows 

d<l^  (ft)  ^  d‘’^  Aft)  (-1)'"'-"' d‘'^(/3)  (-1)"'-"’ d<>^  (ft)  (5-19) 

m  m  — m,~m  mm  — m  m 

The  explicit  expressions  for  some  particular  values  of  ft  are  of  interest 


d^i*  (0)  =  5  (m'm) 


d'*'  (,7)  =  (-D'^  "*  S(m',-m) 

m  m 


We  shall  also  malic  use  of  the  relations 


mm  —mm 


(rr-ft)  =  (-l)’-"’'d‘l^^  (ft) 


(5-20) 


(5-21) 


The  matrices  for  ft  -  -^are  of  special  interest.  They  appear  as  coefficients  in 
the  linear  combinations  that  belong  to  the  different  irreducible  representations  of  the  cubic 
point  groups.  They  are  also  convenient  in  problems  involving  coordinate  transformations. 

The  matrices  for  rotations  R(0/10)  are,  in  general,  tedious  to  compute.  Their  elements  may 
he  expressed  in  terms  of  rotations  which  involve  only  rotations  about  the  y-axis  by  it/2, 
togetlier  with  rotations  about  the  z-axis,  the  latter  being  diagonal  in  the  usual  representation. 
The  relation  is^ 

RiOftO)  =  R(-  -^00)  R(0,-  -f-,  0)  R(/800)  R(0  0)  R(-|-  00)  (5-22) 

For  ft  =  there  is  a  further  symmetry  relation,  in  addition  to  liqs.  (5-19). 

This  follows  from  the  last  of  Eqs.  (5-21) 
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(5-23) 


d'.  (-?-)  -  (-!)'■ 

rii  III  I 


J'’/ 

m  ,-m  ■  2 


This  implies  that,  for  a  given  value  of  j,  only  the  elements  in  a  certain  region  of 
the  matrix,  such  as  the  shadeel  region  in  Fig.  5-2,  need  he  calculated  from  Eq.  (5-10). 


FIG.  5-2 

Tallies  of  d*i,^  (— )  up  to  j  -  2  are  given  hy  Edmonds.  ^  Since  these  matrix  elements 
m  ni  2  * 

are  necessary  for  the  piirpo.ses  previously  indicated,  we  have  computed  a  table  including 
values  up  to  j  =  12.5.  The  rc.sults  are  given  in  exact  form,  cxpres.sed  as  square  roots  of 
integers,  which  are  also  given  a.s  products  of  prime  factors. 

In  problems  involving  correlations  between  cubic  and  trigonal  sytninctry,  values  of 
(r),  where  r  is  the  tetrahedral  angle,  are  necessary.  These  have  also  been  computed 

mm  J  ■  >. 

up  to  j  =  12.5.  Also,  wc  have  computed  values  of  (-^)  up  to  j  =•  7. 

Further  details  on  the  computations  are  given  immediate  preceding  the  tables. 

Relation  mith  the  spherical  harmonics 

The  elements  of  the  rotation  matrices  [npy)  are  functions  of  a  more  general 
nature  than  the  spherical  harmonics.  They  are  in  fact  the  eigenfunctions  of  the  symmetric 
rotor  (Ref,  1,  p,  214)  The  indices  m  and  k  are  the  eigenvalues  of  the  projection  of  the 
angular  momentum  on  the  space-fixed  z-axis  and  on  the  body -fixed  symmetry  axis, 
respectively. 

Since  they  are  the  elements  of  a  unitary  matrix  they  satisfy  the  orthonormality 
relations 


1  n  < {aPyY  '  iaPy)  =  -5 (k,k  ') 


Pik  (°/^y)*  Wy)  -  5(m,m') 


(5-24) 


Also,  the  are  orthogonal  functions  on  the  surface  of  the  unit  sphere.  This 
follows  from  the  fact  that  they  are  the  elements  of  the  irreducible  representation  matrices 
of  the  two-dimensional  unitary  group.  The  orthogonality  relations  take  the  form 
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fn^i)  fR)*D  (R)aR=  S(i,iO  s  (n^mO  8  (k.k') 

m  K  '  '  “  z  j  H-  L 


(5-25) 


where 

h  =  /  (IR  -  Brr^ 


The  relation  between  the  spherical  liarrnonics  and  the  matrix  elements  of  the  rotation 
matrices  is  easily  established.  In  the  present  case,  Eq.  (1-4)  takes  the  form 

Y|>  (rt,^)  =  R(„/qy)Y;|(fl',f/,')  (5-26) 

Tlie  matrix  elements  of  the  rotation  matrices  are  defined  by  Eq.  (5-9),  which  is  now 

R(a/3y)Y;5(0',,^').  {afty)  (5-27) 

'b  m  'V  mm 


so  that 


(afty) 


(5-28) 


In  particular,  we  may  consider  the  rotation  of  the  coordinate  axes  such  that  the  point 
on  the  unit  sphere  with  original  coordinates  0,<l>  has  in  the  new  reference  system  the  new 
coordinates  ^  0,  0'  -  0 .  Since  the  point  in  question  lies  on  the  new  z-axis,  the  first  and 
second  Eulerian  angles  of  the  rotation  are  y  -  and  p  ^  6,  The  third  angle  is  arbitrary, 
Since  the  only  spherical  harmonic  different  from  zero  at  0'=  0,  0'=  0  is 


Y^(0,0)  = 


(5-29) 


only  one  term  on  the  right-hand  side  of  Eq.  (5-28)  survives,  and  we  have 

(0.0)  -=  (5-30) 

\  4jr  ^ 


By  use  of  the  symmetry  relations  we  also  obtain 


ii>0y) 


(5-31) 


where  y  is  an  arbitrary  angle. 
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6.  POINT  GROUPS 


A.  SINGLE  GROUPS 

The  symmetry  operations  of  the  point  groups  may  be  classified  into  four  different 

types: 

a)  Proper  rotations  about  an  axis  of  symmetry. 

b)  Inversion  through  a  center  of  symmetry. 

c)  Reflections  in  a  symmetry  plane. 

d)  Improper  rotations  about  an  alternating  axis  of  symmetry. 

The  last  two  types  of  operations  may  be  considered  as  the  product  of  the  inversion 
and  a  proper  rotation. 

A  reflection  is  ecjui  valent  to  a  rotation  by  180“  about  an  arbitrary  axis  perpendicular 
to  the  plane  of  symmetry,  followed  by  the  inversion  through  the  intersection  point. 

An  improper  rotation  l)y  an  angle  is  equivalent  to  a  proper  rotation  by  0  +  ir  followed 
by  an  inversion  through  the  orgin. 

The  inversion  commutes  with  all  symmetry  operations. 

The  structure  of  the  point  groups  fits  into  a  simpler  scheme  if  all  the  different 
operations  are  classified  into  the  two  following  types: 

a)  Proper  rotations. 

b)  Products  of  the  inversion  and  a  proper  rotation. 

The  point  groups  D^,  T,  and  O,  consist  only  of  proper  rotations.  The  rest  are 
either  isomorphous  with  one  of  these  or  the  direct  product  of  a  rotation  group  and  the  in¬ 
version  group. 

A  comprehensive  symmary  of  the  point  groups  and  their  operations,  with  the  exception 
of  the  icosahedral,  is  given  in  Table  6-1,  They  are  classified  into  three  main  groups,  according 
to  the  possible  values  of  the  Eulerian  angle  (3  of  the  rotations.  The  principal  symmetry  axis 
is  chosen  as  z-axis. 

Under  the  headings  for  each  point  group  are  listed  the  operations.  Rotations  with 
jS  t»  0  are  designated  simply  as  Rj(<A)  where  corresponds  to  the  value  of  a  +  y. 
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TABLR  6-1 


SYMMf'TY  OPP.KAl  lOt<IS  OP  TUP.  POINT  (.ROUPS 


CYCLIC  AND  RPLATBD  GROUPS;  (fl  -  0) 


.2n.  I; 


n  OPERATIONS 

2n  OPERATIONS 

Cyclic  Groups 

Direct  Product  I  x 

Isomorphous  with  C2n 

C„ 

n  odd  n  even 

^2n  ^nh 

n  even  n odd 

^2n 

r-RM 

RM 

nillPPRAL  AND  KPLATP.n  GROUPS:  ((l=0,n) 

.  2^  k 


2n  OPERATIONS 


4n  OPERATIONS 


Dihedral  Groups 

Isomorphous  witli  1)^ 

Direct  Product  I  x 

Isomorphous  with  02^^ 

Dn 

C„v 

n  evcti  n  odd 

^nd  ^nh 

I  •  K(0,j,»r) 

RM 

Ri4>i^,n) 

I  •  R.M 

I  •  R(<Ak.tr) 

CUBIC  GROUPS:  (/3  =  0,  fr, -^) 

a,  Y  =  ^  "f" 


12  OPERATIONS 

24  OPERATIONS 

48  OPERATIONS 

Rotation 

Rotation 

Isomorphous 

Direct  Product 

Direct  Product 

Group 

Group 

with  0 

I  X  r 

I  xO 

T 

0 

Td 

Th 

Oh 

(±a±j8iy)  =  k(r'| 

[  R(a/3y) 

R(oj3y) 

R(a/?y) 

R(a^y) 

R(aj3y) 

[ 

I  •  R(a/3y) 

I  •  R(a(3y) 

+  a±/3  ±y)=k?r+2' j 

f 

1 

R(aPy) 

1  •  R(a/3y) 

R(a/3y) 

I  •  R(u/3y) 
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Rotations  with  (i  =  n  are  Jesignatcd  as  R(vj,  «),  where  4>  corresponds  now  to  a  -  y.  The 
angles  are  of  the  form 


(6-1) 


and  k  assumes  the  n  possible  integral  values  in  the  interval 


- Ln<k<  —  n 

2  -  2 


(6-2) 


For  those  operations  with  rotation  angles  ij)  -  ,  only  one  sign  need  be 

chosen.  If  the  convention  —  n  <  4>  <  rt  is  followed,  the  minus  sign  may  be  chosen  for  n 
even,  the  plus  sign  for  n  odd. 

For  the  cubic  groups,  the  possible  values  for  the  angles  of  the  rotations  R(c/3y) 
arc  specified  by  the  conditions  given  in  the  fir.st  column. 


B.  DOUBLE  GROUPS 

We  have  already  seen  that  the  existence  of  angular  momentum  eigenfunctions  with 
half-integral  quantum  numbers  lead  to  the  consideration  of  their  transformation  properties 
under  the  operations  of  the  two-dimensional  unitary  group,  rather  than  the  three-dimen.sional 
pure  rotation  group. 

Similarly,  the  transformation  matrices  of  those  eigenfunctions  under  the  operations 
of  a  point  group  do  not  afford  a  icpreseiuation  of  the  group.  However,  these  matrices,  to¬ 
gether  with  their  negatives,  form  a  (matrix)  group  with  twice  as  many  operations  as  the 
point  group.  The  group  of  operations  isomorphous  with  that  matrix  group  is  called^  the 
"double  group”  of  the  point  group  in  question.  « 

To  every  operation  R  of  the  "single”  group  there  correspond  two  operations  of  the 
double  group  that  may  be  designated  as  R  and"R.  The  number  of  classes  and  irreducible 
representations  is  not  always  double.®'*  We  shall  give  the  irreducible  representations  in 
the  sections  dealing  with  the  individual  groups. 

All  the  representations  afforded  by  |jin)  eigenfunctions  with  integral  quantum  numbers 
(the  integral  representations)  have  identical  matrices  for  R  and  Til,  being  also  representations 
of  the  single  group.  For  all  the  representations  afforded  by  |jra)  functions  with  half-integral 
quantum  numbers  (the  half-integral  representations)  the  matrices  of  R  and  H  are  the  negative 
of  each  other. 
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The  definition  of  the  operations  R  and  R,  although  arliitrary  to  a  certain  extent, 
may  be  made  in  a  consistent  form  by  appropriate  conventions  as  to  the  choice  of  parameters. 
For  example,  with  the  choice  of  limits  for  the  Fulerian  angles  given  by  Eqs.  (5*3b) 

~  IT  <  a  +  y  <  TT 

-rr<a-y-£iT  (6*3) 

"2w  <  ft  ±2n 

we  may  define  the  operations  R  by  requiring  the  angle  ft  to  be  within  the  limits 

-  It  <  ft  ^  It  (6-4) 

while  the  operations  R  will  then  correspond  to  values  of  ft  outside  this  interval. 

Since  the  rotation  matrices  satisfy  the  equation 

=  (-1)^'  D(i>(a,  ft  ±  2)7,  y)  (6-5) 

this  establishes  a  one  to  one  correspondence  between  the  points  in  both  regions,  as  well 
as  the  proper  relations  between  representation  matrices. 

For  a  rotation  by  an  angle  about  any  arbitrary  axis,  the  trace  of  the  matrices  for 
..(1/2)  ..  sin  0  ^  ft  a  +  V 

X  - - —  =  2  cos  -1—  cos  - ^  (6-6) 

sin-i-0  2  2 

2 

Therefore,  according  to  the  previous  definition  the  operations  R  correspond  to  angles 
of  rotation  ~  tr  <  <f>  <  n  and  have  non-negative  characters  for  the  Ejy2  representation. 

The  operations  of  the  double  point  groups  may  be  obtained  from  those  of  the  single 
point  groups  given  in  Table  6-1  by  an  extension  of  the  limits  for  the  angles.  The  number 
of  operations  of  each  type  is  doubled,  but  the  relations  of  isomorphism  or  direct  product 
are  equally  valid  for  the  double  groups. 

For  the  cyclic,  dihedral,  and  related  groups  the  new  operations  are  most  simply 
defined  by  extending  the  allowed  interval  for  the  angles  to 

—  2n<tf>^  ^2v  (6-7) 
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with  k  assuming  now  the  2n  integral  values  in  the  interval 

-  n  <  k  <  n  (6-8) 

Although  the  operations  R  and  R  may  be  defined  in  a  consistent  way,  by  assigning 
to  them  different  sets  of  Eulerian  angles,  according  to  appropriate  conventions,  it  may  be 
pointed  out  that  this  is  not  strictly  necessary  for  most  practical  purposes. 

Consider,  for  example,  the  fundamental  problem  of  expanding  an  arbitrary  function 
|f)  as  a  sum  of  terms  each  of  which  belongs  to  a  particular  row  of  an  irreducible  representation 
of  the  symmetry  group 

10  -  |fyX)  (6-9) 

XiX 

The  different  terms  in  the  expansion  are  obtained,  as  indicated  in  Eqs.  (4-17)  and  (4-18), 
by  applying  the  corresponding  projection  operator 

"  'ax’  10  =  i\x' 

For  the  double  groups  we  may  use  the  expression  for  the  projection  operators  (4-20) 
in  the  form  * 

R^J'lf)  =  -J- XUyXlRlyX)*R  4-  (yX|RlyX)’'R]lfyX)  (6-11) 


where  h  is  the  number  of  operations  of  the  double  group.  But  from  the  definition  of  the  R  and 
R  operations  we  have 


(yX|R|yX)  =  i  (yXlRjyX) 
R|fyX)  =  ±  R|fyX) 


(6-12) 


with  the  plus  signs  if  y  is  an  integral  representation,  and  the  minus  signs  if  it  is  a  half¬ 
integral  representation.  In  every  case,  however, 

(yXlRlyX)*RlfyX)  =  (yXlR lyX)*  R  |fyX)  (6-13) 


Accordingly,  we  may  let  h  represent  the  number  of  operations  of  the  single  group 
and  include  only  the  R  operations  in  Eq.  (6-11),  and  the  expression  for  the  projection 
operators  will  be  identical  with  that  for  the  single  groups. 
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The  result  is  based  only  on  the  one  to  one  correspondence  between  R  and  R 
operations  and  the  basic  property  (6-12),  and  holds  independently  of  any  choice  of  para¬ 
meters  to  differentiate  between  them. 

C.  IRREDUCIBLE  REPRESENTATIONS 

The  irreducible  representations  of  the  point  groups  are  given  in  Tables  6-3  and  6-4. 

In  the  direct  product  groups  I  x  G,  two  representations,  and  1^,  correspond  to 
every  representation  P  of  the  group  G.  The  subscripts  g  and  ^indicate  their  symmetric  or 
antisymmetric  character,  respectively,  with  respect  to  the  inversion  operation.  The  matrices 
for  the  representations  P^  and  1^  are  obtained  from  the  matrices  P(R)  of  G,  according  to 
the  scheme 


TABLE  6-2 


1  X  G 

R 

l.R 

r; 

P(R) 

P(R) 

r; 

P(R) 

-  r’(R) 

The  representations  for  the  groups  which  are  isomorphous  with  a  group  consisting 
only  of  pure  rotations  are  taken  to  be  the  same  as  for  the  latter  groups.  The  correspondence 
between  the  operations  of  two  groups  is  easily  established  by  the  equality  of  the  rotational 
factor  of  the  operations.  For  example,  the  angles  of  the  rotational  parts  of  the  operations 
of  may  be  written  in  the  forms 


2k 

2n 

(6-14) 

<^k  +  —  =  (2k  +  1) 

*  n  2n 

As  Jt  assumes  all  integral  values  within  its  interval,  Eqs.  (6-2)  or  (6-8),  the  angles  take 
all  the  possible  values  for  the  corresponding  operations  of 
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The  present  choice  of  representations  is  such  that  these  are  completely  reduced  for 
the  operations  of  the  subgroup  of  rotations  about  the  principal  summetry  axis.  For  these 
operations  the  representation  matrices  are  diagonal,  with  elements  of  the  form  e  [n 
this  form  it  is  possible  to  assign  to  every  row  of  an  irreducible  representation  an  index,  g, 
such  that  only  linear  combinations  of  angular  momentum  eigenfunctions  with  eigenvalues  m 
of  the  form 


m  =  p  +  np  (6-15) 

belong  to  that  particular  row.  As  usual,  n  is  the  multiplicity  of  the  axis  selected  as  z-axis, 
and  p  is  an  integer,  positive  or  negative. 

C-1.  CYCLIC  AND  DIHEDRAL  GROUPS 

in  the  case  of  the  non-cubic  point  groups  it  is  possible  and  convenient  to  assign 
a  similar  index,  y,  to  the  irreducible  representations  themselves.  This  index  may  be  taken 
as  y  =  p  or  y  =  |pl,  and  both  are  related  to  the  possible  values  ^  for  the  eigenfunctions 
that  belong  to  the  corresponding  representations  by  Eq.  (6-15). 

In  addition  to  the  physical  meaning  that  can  be  given  to  y  and  p,  it  is  possible  to 
express  the  characters  and  matrix  elements  of  the  irreducible  representations  as  explicit 
functions  of  these  parameters.  This  has  the  further  advantage  that  the  characters  and 
representation  matrix  elements  for  the  double  groups  are  given  by  the  same  expressions  as 
for  the  single  groups,  by  simply  allowing  y  and  p  to  assume  half-integral  values  within  their 
intervals. 

In  what  follows,  all  the  results  that  shall  be  given  for  non-cubic  point  groups  apply 
to  the  ordinary  single  groups  for  y  and  p  integral,  and  to  the  corresponding  double  groups 
for  y  and  p  integral  and  half-integral. 

The  correspondence  between  y  and  the  .customary  designations  for  the  irreducible 
representations  of  these  groups  is  straightforward,  as  it  may  be  seen  from  the  tables. 

The  representations  characterized  by  y  =  0  are  one-dimensional  and  have  real 
characters,  ±  1.  In  particular,  the  characters  for  the  rotations  about  the  z-axis  is  +  1. 

These  representations  are  usually  designated  by  the  letter  A, 

The  representations  corresponding  to  the  maximum  value  of  y  (y  =  n/2  for  C^,  D„, 
and  direct  product  groups,  y  =  n  for  the  groups  isomorphous  with  or  02^)  are  also  one¬ 
dimensional.  The  character  for  the  operations  involving  the  rotations  by  the  smallest  angle 
about  the  z-axis  is  - 1.  These  representations  are  designated  conventionally  by  the  letter  B. 
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For  other  integral  values,  y  corresponds  to  the  subindex  usually  assigned  to  the 
doubly  —  degenerate  E  representations.  Although  the  irreducible  representations  of  the 
groups  C^,  S2n,  and  are  all  one-diniensional,  tlie  pairs  of  complex  conjugate  repre¬ 
sentations  ate  often  treated  as  a  two-dimensional  representation  of  type  E. 

There  is  one  more  index  required  in  order  to  differentiate  between  the  two  repre¬ 
sentations  of  the  same  type,  A  or  B,  whicli  occur  in  the  case  of  the  dihedral  groups.  The 
two  representations  within  each  type  are  conventionally  distinguished  by  their  character, 

+  1  or  -  1,  under  the  two-fold  rotation  RfOwO)  about  the  y-axis.  The  symmetric  representations 
are  designated  as  A  ^  or  B  ^  the  antisymmetric  ones  as  A  2  or  B2> 

All  dihedral  groups  have  the  representations  Aj  and  .A  2.  The  and  related  groups 
posses  the  pair  Bj  and  B21  ^nt  for  n  odd  the  single  groups  D„  do  not  have  B-type  representa¬ 
tions. 


The  corresponding  double  groups  always  possess  a  pair  of  representations  of  type 
B.  For  the  Dj,,  groups  these  are  also  representations  of  the  single  group,  Bj  and  82.  while 
in  the  case  of  Dj|(n  odd)  the  pair  of  B-type  representations  emerge  as  half-integral  repre¬ 
sentations  associated  with  y  =  n/2.  In  the  latter  case,  the  characters  of  these  representa¬ 
tions  under  the  two-fold  rotation  R(0i70)  are  +  i  or  -  i. 

The  usual  notation  for  the  non-cubic  single  point  groups  may  be  extended  to  cover 
the  corresponding  double  groups  with  a  minimum  of  change.s  by  the  following  provisions: 

a)  The  subindex  y  for  the  Ey  two-dimensional  representations  may  be  allowed  to 
assume  half-integral  values  within  its  interval. 

b)  In  the  case  of  the  and  related  groups  the  two  one-dimensional  representations 
of  type  B  may  be  designated  as  Dj  and  B2  irrespective  of  whether  they  are  integral  (n  even) 
or  half-integral  (n  odd).  In  the  latter  case  their  characters  under  R(OvO)  are  +  i  and  -  i, 
respectively. 

The  notation  followed  for  the  groups  and  for  n  odd  i;-  the  same  as  for  the 
isomorphous  groups  and  respectively.  The  usual  notation  for  the  single  groups 
is  based  on  the  direct  product  relations,  Cj|,  x  C„  or  Cjj,  x  D„,  the  representations  being 
labelled  by  a  prime  or  a  double  prime  to  indicate  symmetric  or  antisymmetric  character  for 
the  reflection  However,  the  direct  product  relation  does  not  extend  to  the  double  groups 
Dqi,.  Although  the  direct  produce  notation  could  be  extended  to  the  double  groups,  it 
becomes  unnecessarily  complicated  because  the  double  group  has  four  irreducible 

representations.  On  the  other  hand  the  notation  based  on  the  iso-morphism  with  ot  02^ 
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TABLK  6-3 


Single  groups 
Double  groups 


integral 

integral  and 
half-integral 


-n/2  <  k  <  n/2 


-  n  <  k  <  n 


~n  <  <  n 

~2n  <  tj}  ^2n 


c„  M 


(n  even)  S2n 
(n  odd) 


(0<y<n/2) 


(0  <y<n/2) 


n  odd  ■]  ^ 

(b^ 


(-1)’' 
-  (-1)'' 


i(- 1)'‘ 
-iC-l)** 


I 


is  siinpler,  easily  extended  to  the  double  groups,  and  more  in  line  with  that  of  the  other 
non-cubic  groups.  The  correspondence  between  this  and  the  usual  notation  for  the  repre¬ 
sentations  ol  the  single  groups  is  easily  established,  as  follows:  for  y  even,  the  present 
Ey  corresponds  to  E^yji  while  for  y  odd  the  complex  conjugate  of  the  present  E^.y^  cor¬ 
responds  to  Ky'/j, 

C-2.  CUBIC  GROUPS 

The  operations  of  the  cubic  groups  have  been  specified  in  Table  6-1  in  a  rather 
general  form,  by  the  conditions  to  be  satisfied  by  the  sum  a  +  p  +  y  ol  the  Eulerian  angles 
(referred  to  the  usual  cubic  set  of  axes).  It  may  be  easily  seen  that,  for  example,  the  con¬ 
dition  a  +  )3  +  y  =  krr,  (k  =  integer)  is  satisfied  by  the  Eulerian  angles  of  twelve  non¬ 
equivalent  rotations 


(6-16) 


The  individual  operations  of  the  groups  T  and  0  are  listed  in  Table  6-5.  The  cor¬ 
responding  transformations  of  the  coordinate  system  are  indicated  in  Fig.  6-1. 

The  operations  of  the  remaining  groups,  Tj,  Tj,,  and  Oj,,  may  be  obtained  from  these 
without  difficulty. 

The  tables  of  characters  for  the  cubic  groups  are  given  in  Table  6-6.  They  are 
given  for  only  half  of  the  operations  of  the  double  groups.  The  Eulerian  angles  listed 
under  the  class  headings  have  been  taken  according  to  the  convention  of  Section  6, 

Eqs.  (6-3)  and  (6-4).  The  number  of  operations  in  the  classes  containing  two-fold  rotations 
R(atiy)  are  given  as  fractions  as  a  reminder  of  the  fact  that  in  the  double  groups  the  cor¬ 
responding  IT  operations  do  not  form  new  classes. 

The  irreducible  representations  of  the  group  O  in  terms  of  the  Eulerian  angles  are 
given  in  Table  6-4.  These  are  also  the  representations  for  the  isomorphous  group  Tj. 


P  =  0  Q-i-y^O,  fr 

P  =  n  a  ~  y  =  0,n 


^  = 


a  =  0,  rr 


JL  _  JL 
2  ’  2 


a  -  JL.  —  JL.  y  =  0,  rx 

2  2  ' 


1 
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The  rnatrices  of  the  representations  of  O  for  the  operations  of  its  subgroup  T  afford 
the  irreducible  representations  for  T»  Our  choice  is  such  that  conjugate  representatioris  in 
0  have  identical  matrices  for  the  subgroup  T.  Thus,  for  example,  the  matrices  for  F,  and  Fj 
of  O  give  the  same  matrices  for  the  F  representation  of  T.  Similarly,  the  matrices  of  the 
representations  ^1/2  o’"  ^5/2  ^  afford  the  representation  ^1/2  T* 

The  representation  matrices  for  the  self-conjugate  representations,  E  and  Gj/j*  of  0 
in  the  form  given  afford  representations  of  T  which  are  not  in  reduced  form.  The  reason  for 
this  choice  is  to  avoid  the  presence  of  complex  coefficients  in  the  expressions  for  the 
symmetry  functions.  These  representation  matrices  may  be  brought  to  reduced  form  unuer 
T  by  a  unitary  transformation,  Eq.  (3*5),  by  means  of  the  matrices 


a(G3/2)  ^ 


UsfJ 

1/v/I 

\i/V7 

-i/vT 

0 

’  0 

-i/vr 

.  i/^/? 

0 

Vo 

-i/Vl 

(6-17) 


(6-18) 


The  representation  matrices  for  the  direct  product  groups  and  Oj,  may  be  obtained 
by  the  usual  rule  (Table  6*2). 


o 
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•  TABLE  6-4 

IRRP.nUClBl.P.  REPRE!:fNTATIONS  of  the  group  o 
INTEGRAL  REP  RESENT ATIONS  (CUBIC  AXES) 


r  (a.  jS,  y) 


cos  2(iat/3±y) 


-i(3  cos^/3  -  1) 


sin^^  cos  2a 


A. 


sin^^  cos  2y 


1  y 

-2“  (1  +  cos^P)  sin  2a  sin  2y 


(1 cos 


sin  P  e‘®  (1  -  cos 


-  i  sin  /3  e'V 

V2 


cos  P 


sin  p  e-  'y 

y/2 


-4-  (1  -  cos /3)e''^®“y^  — ^  sin /3  e'‘°  -i-(l  ■+ cos /3)  e’ 

.  ^  V2  2 
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TABLE  6-4  (Continued) 

IRREDUCIBLE  REPRESENTATIONS  OP  THE  CROUP  0 
HALF-INTEGRAL  REPRESENTATIONS 
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GROUP  0 


SUBGROUP  T 

R 

(y,/l,a) 

E 

(0,0,0) 

CjCz) 

(<r,0,0) 

C2(y) 

(0,r,,O) 

C2(x) 

(0,»,ff) 

Cjd,!,!) 

CO  JL  JL 

'  ’  2  ’  2 

CjC-ld.-l) 

(>r,-2.-2 

CjC-l,-!,!) 

(-r,-,- 

C  3- Hi,  1,1) 

ff  ir 
^  2  ’  2  ’ 

n 

T 

t 

^  2’  2 

Cj-H-l,-!,!) 


TABLE  6-5 


(Cubic  Axes) 


TABLE  6-6 


CHARACTER  TAni.F-S  FOR  TIIF  CUBIC  CROUPS 


T 

E 

6  r 

4C, 

•4C}^ 

iy,P,a) 

(0,0.0) 

(n,  0,0) 
(0,»r,0) 

(JT,  J7,0) 

(±-|-,±^,0) 

A 

Integral  E  | 

F 

1 

1 

1 

3 

1 

1 

1 

f 

r-1 

0 

1 

f 

0 

2 

0 

1 

1 

Half-integral  r 

2 

0 

f 

e-’ 

“■4  i 

2 

0 

f-’ 

€ 

Td 

0 

E 

E 

f  Cj 

^  Cj 

8C3 

8C3 

6S4 

6C4 

12  „  1 
T~ 

12  r’ 

(r,0,  0) 

(0,±2!-,  ±-2L.) 

(if-,  C)  0) 

(0,  rr,  i  ^  ) 

(.YyP,f) 

(0,  0,0) 

(0,  n,0) 

(»r,  IT,,0) 

2  2 
(i  -^,1-^,0) 

(0,tf-,0) 

(ff,  i-f,0) 

if-yi-f,  -f) 

At 

1 

1 

1 

1 

1 

Aj 

1 

1 

1 

-1 

-1 

Integral  E 

2 

2 

-1 

0 

0 

Fl 

3 

-1 

0 

1 

-1 

^2 

3 

-1 

0 

-1 

1 

2 

0 

1 

0 

Half-integral  Ei^ 

2 

0 

1 

-■F 

0 

^’4 

4 

0 

-1 

0 

0 

Th-IxT 

0},=  !  xO 
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CUBIC  GROUP  0  :  SYMMETRY’  OPERATIONS 


E 

( 0,0,0) 

CglV) 
(0,77-, 0) 


C3(l,l,l) 

(0.f,f) 


Cji-i.-i.n 


0311,-1,-0 


(TT, 


TT  TT  , 
2  ’  2 


Cjlz) 

(ir.O.O) 


/  I 


/  I 
/  I 


C2(x) 

(0,7r,7r) 


C3  (-IrlJ) 

(-f.f.O) 


C3  (l,-l,-l) 

(f .  |.0) 


9 


t 


C4(z) 

(  j^O^O) 

/y' 

_ Z_x' 

/I 

/i 

04(7) 

(-f.0,0) 

C4(X) 

y’/ 

^  /.. 

CX) 

(_Z,  IT,  ILs 
'  2  2  2' 

x7i 

,rr  TT  TT . 

{  2 ' 2'"  2  ' 

C^ly) 

(0,2,0) 

■;7l7^ 

c'^  ly) 

(Tr,|:,7r) 

c. 

Cglxy) 

(o,7r,2) 

;7i7' 

CgC-x  y) 

c'Cyz) 

(IL.TLyjr. 

^2  2  2' 

/! 

C'l-yz) 

,  TT  IT  IT, 

\“*2*  2'"”  2 

CgCxz) 

vU/- 

c't-xz) 

y - JL - 

(0,f.7r)  (TT.f.O) 


X 
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GROUP  0:  REDUCTION  OP  THE  REPRESENTATIONS  Tj 


i 

IRREDUCIBLE 

REPRESENTATIONS 

i 

RREDUCIBLE  REPRESENTATIONS 

0 

Ai 

1/2 

Fi/2 

1 

F, 

3/2 

G3/2 

2 

E 

F2 

5/2 

F5/2 

°3/2 

3 

^2 

Fl 

F2 

7/2 

Fi/2 

F5/2 

^3/2 

4 

E 

Fl 

F2 

9/2 

Fi/2 

2^3/2 

5 

E 

2F, 

F2 

11/2 

Fi/2 

F5/2 

2G3/2 

6 

Aj 

E 

Fl 

2F2 

13/2 

Fi/2 

2F5/2 

2G3/2 

7 

^2 

E 

2Fi 

2F2 

15/2 

Fi/2 

F5/2 

3Gj/2 

8 

Ai 

2E 

2Fi 

2F, 

17/2 

2Ei/2 

F5/2 

NX 

to 

9 

A; 

^2 

E 

3Fi 

2F2 

19/2 

2^1/2 

2F5/2 

3G3/2 

10 

Ai 

^2 

2E 

2Fi 

3F2 

21/2 

Fi/2 

2F5/2 

4G3/2 

11 

^2 

2E 

3Fi 

3F2 

23/2 

2Ei/2 

2E5/2 

^^3/2 

12 

2A, 

Aj 

2E 

3Fi 

3F2 

25/2 

3Ei/2 

2E5/2 

'*^3/2 

I’rcg. 

Aj 

2E 

3Fi 

3F2 

1 

+  i  =" 

Fj 

Fl2n 

^  i  =  2nr 

11/2+  Fj 
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7.  SYMMETRY  FUNCTIONS 


The  transformation  properties  of  the  angular  momentum  eigenfunctions  under  rotations 
have  already  been  considered  in  Section  5.  It  may  be  mentioned  that  the  transformation  co¬ 
efficients  depend  only  on  the  eigenvalues  j  and  m,  and  they  are  independent  of  the  kind  of 
angular  momentum,  whether  orbital  or  spin,  of  the  number  of  particles  in  the  system,  etc. 

This  is  no  longer  true  when  the  transformation  properties  under  inversion  are  con¬ 
sidered.  The  spin  eigenfunctions  are  invariant  under  inversion,  but  the  orbital  angular 
momentum  eigenfunctions  of  a  particle  transform  as  the  spherical  harmonics,  that  is 

r, -e.m)  =  (-l)'^Km)  (7-1) 


As  the  angular  momentum  eigenfunctions  in  atomic  or  molecular  problems  are  linear  com¬ 
binations  of  product  functions  of  several  particles,  each  with  a  certain  value  of  -fc,  the 
product  functions  transform  as 


1  1  'tlm^)  1  ^2^2^  •  ♦  •  I  • 


V2)- 


Accordingly  the  functions  will  be  symmetric  or  antisymmetric  with  respect  to  the  inversion 
according  as  to  whether  the  sum  X-t-  of  the  orbital  quantum  numbers  is  even  or  odd.  The 
even  or  odd  parity  of  functions  may  be  represented  by  an  index  a  which  can  take  the  values 
0  or  1,  respectively,  and  we  may  write  in  general 


Ilajm)  =(-!)«' lojm)  (7-3) 

In  what  follows  we  may  always  assume  that  the  angular  momentum  eigenfunctions  under 
consideration  have  a  definite  parity,  specified  by  the  quantum  number  a. 

We  shall  now  proceed  to  determine  the  general  expressions  for  the  linear  combinations 
of  angular  momentum  eigenfunctions  that  belong  to  the  different  irreducible  representations 
of  the  point  groups.  For  each  representation  of  dimension  ^  they  form  sets  of  d  partners,  each 
characterized  by  a  different  value  of  the  index  p,  that  labels  the  rows  of  the  representation. 

In  general,  the  operations  of  the  group  transform  any  of  the  partners  into  a  linear  combination 
of  all  of  theni  as  in  Eq.  (3-10). 
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(7-4) 


R  1  f  CT  y  fi ')  =  1  f  (T  y  ft)  (cT  y  /( 1  R  I  a  y  /i ') 

The  indices  label  the  rows  and  columns  of  the  irreducible  representation,  the  indices 
CT  and  y  label  the  representations  themselves,  and  the  index  ^stands  for  all  the  remaining 
labels  or  quantum  numbers  specifying  the  function  and  which  are  not  affected  by  the  group 
operations,  and  will  be  omitted  unless  necessary. 

For  the  simplest  groups,  the  symmetry  functions  formed  from  the  |a  j  m)  eigenfunctions 
may  be  found  by  inspection  but  in  general  the  use  of  the  projection  operators  leads  to  the 
desired  results  in  a  simple  form. 

The  expression  for  the  projection  operators  (Eq.  4*14)  to  be  used  is 

2(try,r|R|aygVR  (7*5) 

As  indicated  in  Section  4,  if  the  original  set  of  functions  whose  symmetry  linear 
combinations  are  to  be  determined  afford  a  representation  (reducible  or  irreducible)  of  the 
group,  all  the  possible  sets  of  symmetry  functions  for  a  given  irreducible  representation 
may  be  obtained  by  using  only  the  operators  associated  with  any  particular  column  of  the 
irreducible  representation.  In  our  case,  the  joj  m)  basis  functions  associated  with  given 
values  of  a  and  j,  and  all  the  corresponding  values  of  jm  from  -j  to  j,  afford  a  representation 
of  the  group.  Moreover,  with  our  choice  of  representations,  all  the  symmetry  functions 
belonging  to  the  p*th  row  of  a  representation  must  be  linear  combinations  of  |aj  m)  functions 
with  the  possible  values  of  m  given  by  Eq.  (6*15) 

m  =  g  +  np  (7-6) 

These  functions  are  all  different  from  those  corresponding  to  another  row  g' (since  the 
difference  g'-  g  is  never  zero  or  multiple  of  n). 

Conversely,  even  when  the  |<rjm)  functions  of  the  family  defined  by  m  =  g  +  np 
are  not  themselves  symmetry  functions,  they  never  contain  symmetry  functions  belonging 
to  a  different  row  g'of  the  same  irreducible  representation. 

According  to  Eq.  (4-9)  the  projection  operators  associated  with  the  column  g  of  an 
irreducible  representation  give  a  non-vanishing  result  only  when  they  operate  on  functions 
that  contain  symmetry  functions  belonging  to  the  g-th  row. 


7-2 


If  follows  that  in  order  to  obtain  all  the  symmetry  functions  that  belong  to  a  certain 
representation  it  is  sufficient  to  apply  the  projection  operators  associated  with  any  fixed 
column  p  to  the  j  ct  j  m)  functions  with  m  =  /t  +  np.  When  applied  to  the  same  \u  j  m),  they 
generate  a  set  of  partner  functions,  each  belonging  to  the  row  fi'  o(  the  corresponding 
operator, 

M  /t 


For  example,  in  the  case  of  the  non-cubic  point  groups  the  highest  dimension  of 
the  irreducible  representations  is  d  =  2,  and  the  values  of  the  indices  ji  and  p'  labeling  the 


n  Ey  are 

y  and 

'p(y) 

p(y) 

y.y 

y.-y 

p(y) 

p(y) 

-y.y 

-y.-y 

(7-7) 


The  operators  and  1^^^^  give  a  non-vanishing  result  only  when  they  operate  on 
functions  which  belong  to  the  first  row  or  contain  such  functions.  With  our  choice  of  repre¬ 
sentations,  the  first  row  functions  are  characterized  by  eigenvalues  m  of  the  form  m  =  y  +  np, 
while  for  their  second  row  partners  m  =  -  y  -  np. 


The  operator  generates  the  first  row  partner  and  the  operator  ^he  second 

row  partner  when  operating  on  the  same  first  row  function.  All  the  independent  pairs  of  basis 
functions  are  obtained  by  the  action  of  these  operators  on  the  [ajm)  basis  functions  with 
m  =  y  +  np.  The  functions  obtained  are  all  independent  and  orthogonal  to  each  other,  and 
no  redundancy  problems  arise. 


In  the  case  of  the  non-degenerate  representations  Aj,  A^,  Bj,  and  Bj,  the  symmetry 
functions  are  of  the  forms 


lajm)  ±  lcrj,-m) 

and  it  is  only  necessary  to  operate  on  the  functions  with  m  >  0.  The  functions  with  negative 
values  of  jn  yield  symmetry  functions  differing  from  the  previous  ones  only  by  a  constant 
factor. 

The  redundancy  and  non-orthogonality  problems  arising  for  some  representations 
of  the  cubic  groups  are  slightly  more  complicated.  They  shall  be  consider  later. 


A.  NON  CUBIC  GROUPS 


In  addition  to  Eq.  (7-5),  we  shall  need  the  following  expressions  for  the  trans¬ 
formation  of  the  Icrjm)  functions 


R^Cd*)  1 

|ojm)  =  |orjm)e‘”’‘^ 

(7-8) 

jffjm)  =  (-I)'"*' ^  |(7  j,-m)e'‘"’‘^ 

(7-9) 

I 

jo  j  m)  =  (-1)®  1  trj  m) 

(7-10) 

We  shall  also  make  frequent  use  of  the  familiar  summation  formula 
n- 1  i  kX 

S  e  "  =  n.S(X,np)  (7-11) 

k=0 


where  p  is  an  integer,  positive  or  negative,  and  S(X,np)  is  the  familiar  delta  function 

1  for  X  =  np 


S(X,np) 


0  for  X  np 


(7-12) 


Groups  Cfj 

Since  the  representations  are  one-dimensional  with  characters 

(7-13) 


the  effect  of  the  projection  operators  on  the  jojm)  eigenfunctions  is 


j  cr  I  m) 


n 


-22-  k 

S  I  (7  j  m)  e  “ 

k 


1  nj  m)  S(m,ft  +  np) 


(7-14) 


The  functions  |ojm)  and  lffj,-m)  belong  to  complex  conjugate  representations.  Although 
these  are  often  considered  as  a  two-dimensional  representation  Ey,(y  «>  Ifij),  it  should 
be  kept  in  mind  that  the  pairs  of  functions  are  not  ’’partners,”  since  they  never  transform 
into  each  other  under  the  group  operations.  These  remarks  apply  also  to  the  and 
groups. 
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Groups  $2^  (n  odd)  and  (n  even) 

Since  these  are  the  direct  product  groups  I  x  the  effect  of  the  projection  operators 
on  the  joj  m)  eigenfunctions  is  as  follows 

=  1  a  j  m)  S(o-,0)  S(m,/i  +  np) 


ni)  =  I  0  i  m)  S(a,  1)  S(ni,p  +  np) 


(7-15) 


so  that  the  functions  with  eigenvalues  jn  =  p  +  np  belong  to  the  representation  yg  or  yu 
according  as  to  whether  their  parity  is  even  or  odd,  respectively. 


Groups  $2^  (n  even)  and  (n  odd) 

These  groups  are  isomorplious  with  the  corresponding  ^2^.  The  symmetry  functions 


P^^^  |(T  jm)  =  lajm) 


1  ..  ,  ,.r7 

—  i-  c  +  (-1)  e  " 


2n  t, 


(7-16) 


If  the  angles  are  expressed  as  in  Kq.  (6-14)  and  consider  that  we  can  also  write 

-i  -2^  not  2k+  U 

(-1)''  »  e  (7.17) 


we  obtain 


P^^'V)*^)  =  ki  e 

2n 


,  i(tn-it-no)  2k  i(m-u-n(7)  |^(2k+ 1 ) 

V  «  ..  »  2n 


I  e 


=  |u  j  m)  S(.m,ii  +  no  +  2np)  (7-18) 


As  indicated  previously,  for  y  =  Ijx]  even,  the  representations  designated  here  as  Ey  correspond 
to  the  representations  of  the  single  group  C„|,  usually  designated  as  1^*'  y  odd, 

the  complex  conjugate  of  R„_y  corresponds  to  the  usual  noticed  that  for  given 

integral  jm,  if  a  function  of  a  certain  parity  belongs  to  an  E* representation,  the  corresponding 
function  of  opposite  parity  will  belong  to  an  E "representation. 


Groups 

Unlike  the  groups  considered  thus  far,  the  dihedral  groups  contain  symmetry  operations 
involving  rotations  about  axes  perpendicular  to  the  principal  symmetry  axis.  The  projection 
operators  are  no  longer  diagonal  in  m,  and  when  acting  on  the  |a|m)  eigenfunctions  generate 
linear  combinations  of  jerjm)  and  |<7j,-m),  as  follows; 
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\f2  '  Ifyjrn)  ■=  \j~^  1 1  n  j  in)  i-  (--1)'  '  ™  |  r?  j,-m)i  5(in,ni)) 

\f2  |„jtti)  =i/^  l|aj  m)  -  (-1)'  '  IfT  ji-in)!  (?(m,np) 


(7-19) 


(y ) 

*y.y  =  Inj  111)  S(m,y  I  np) 

P_^^Majm)  lfrj,-m)  S(m,y  i-  np) 

y  »y 

For ji  even,  tlie  representations  Bj  and  B2  are  integral,  anti  we  have 

v/2  P*  *M°jai)-\/^  1 1  <r  j  m)  +  (-1)’ ^  ™  I  (7  j,-ni)!  fi(m, 1  lip) 
\P.  Itrjm)  =  \f^  1 1  <7  j  m)  -  (-1)’^  ^  1  CT  j,-m)l  S(rti,  +  np) 


(7-20) 


(7-21) 


For  _n  odd,  the  representations  13  j  and  Bj  are  half  integral,  and  the  functions  that 
belong  to  those  representations  are  of  the  form 

\p.  |ojm)  =  -/^  1|(7  j  in)  4-  i  (-1)’’^  ™  I  aj,-in)l  S(m,-^  +  np) 

(7-22) 

\fl  Iffjm)  =  t|  cr  j  m)  -  i  (-1)’  ^  I  o  j,-ni)!  S(m,  -L  +  np) 

It  may  he  noticed  that  the  average  value  of  J  ^  in  the  non-degenerate  states  is 
always  zero. 

Groups  C„„ 

These  groups  are  isomorphous  with  The  presence  of  the  operations  I»R(0,j,n') 
introduces  a  factor  (-1)°'  in  the  transformation  coefficients  which  apply  to  the  corresponding 
operations  R(d>jj,7r)  of  Dj^,  The  expressions  for  the  symmetry  functions  may  be  obtained  from 
those  for  if  the  factor  (-1)’'^”'  in  the  coefficients  of  |cr  j,-m)  is  replaced  by 


7-6 


Groups  (n  odd)  and  D„{,  (n  even) 

These  groups  are  the  direct  products  I  x  Functions  that  belong  to  a  given 
representation  of  the  subgroup  belong  to  the  corresponding  g  or  u  representation  of 
these  groups,  depending  on  whether  they  have  even  or  odd  parity,  respectively. 


Groups  (n  even)  and  D„[,  (n  odd) 

These  are  isoinorphous  with  the  corresponding  groups  Proceeding  in  a  similar 

form  as  for  the  groups  (n  even)  and  (n  odd),  the  following  expressions  for  the 
symmetry  functions  are  obtained 


\/2  l"im)  -  \/  ^  H  oj  m)  +  (-1)'  ^  1  a  ),-m)l  S(m,na  +  2np) 

</2  |ojm)  -  Mojm)  -  (-1)'^"’  laj,~m)  i  S(m,nCT  +  2np) 


(7-23) 


I  a  j  m)  =  1  a  j  in)  S(m,  y  +  na  +  2np) 
laim)  |a  j,-m)  5(m,y  +  no  +  2np) 

-y.y 

and,  since  the  representations  Bj  and  for  these  groups  are  integral 

V2  p'”  kirn)  =  I  1  a  j  m)  +  (-1)’’*’  1  a  j,-m)!  5(m,n  +  na  +  2np) 

s/2  P^®^'  |ajm)=  y  ^  1  |ajm)  -(-l)'"^  '•’'la  j,-m)l  S(m,n  +  na  + 2np) 


(7-24) 


(7-25) 


B.  CUBIC  GROUPS 

In  the  non-cubic  groups,  if  the  principal  symmetry  axis  is  chosen  as  the  z-axis,  the 
only  possible  values  of  the  Eulerian  angle  ji  for  the  operations  of  the  group  are  0  and  rr. 
These  rotations  transform  a  given  ]  aj  m)  eigenfunction  into  either  1  a  j  m)  or  j  a  i,-m), 
multiplied  by  the  appropriate  phase  factor  (Eqs.  7-8  and  7-9).  In  the  case  of  the  cubic  groups 
other  values  of  ^  are  present.  If  the  three  fourfold  axes  of  symmetry  of  a  cube  are  selected 
as  axes,  the  new  possible  value  of  J3  is  tr/2.  If  one  of  the  three-fold  symmetry  axes  is  chosen 
as  z-axis,  ^  assumes  the  values  r  and  n—r,  where  r  is  the  tetrahedral  angle.  The  ja  j  m) 
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functions  transform  under  these  operations  into  linear  combinations  of  jcr  j  m')  functions 
with  the  possible  values  of  m' ranging,  in  general,  from  -j  to  j. 

The  operators  transform  the  functions  into  linear  combinations  with  u' values 
of  the  form  m'=  ;t  +  np,  if  the  representations  are  chosen  as  previously  indicated. 

The  symmetry  functions  may  be  obtained  by  the  use  of  the  projection  operators. 
With  our  choice  of  representations  it  is  relatively  easy  to  obtain  explicit  expressions  for 
them.  We  shall  illustrate  the  procedure  for  the  representations  A  j,  F^,  Ey^  and  of  the 
group  0.  Our  choice  of  representations  is  such  that  the  Itrj'm)  functions  for  j '  =  0,  I, 
1/2,  3/2,  respectively,  transform  according  to  the  representation  matrices,  so  that 


(yp'lRjyp)  =  (j'p'lRliV)  =  e>f‘“d^P(|3)eV)'  (7-26) 

ft  ft 


where  ft  and  p'  assume  the  2j  '  +  1  values  from  j '  to  -j 

The  operation  of  the  on  the  functions  ja)  m)  is 
ft  ft 


P^f^ltrjm)  =  1  |(T  j  m')  (ct  j  ni'lP^J''  1  a  j  m) 
ft  ft  m'  ft  ft 

-  S  R|ajm)(y,r'lR|y,i)*  (7-27) 

n  R 

-  f  £  lajm')2(jm'lR|jm)(yM'lR|y/x)* 

n  R 

tn 

The  coefficients^of  the  various  [ojin')  may  now  be  written,  by  use  of  Eqs.  (5-9)  and  (7-26), 
in  the  form 


(a  j  m'jp 


(i') 
ft 'ft 


lt7jm)=  2  d  e‘("’“f')y 


d‘P(i3)d^>i  (ft) 

^  fi  mm 


(7-28) 


The  summations  over  a  and  y  for  every  value  of  ft  may  then  be  performed  separately. 
With  the  sets  of  Eulerian  angles  given  in  Table  6-5  we  obtain  three  types  of  terms. 

For  ft  “0,  a+y  =  0,ff,  and 


d^’,'’  (0)  =  5(,x»  d'*’  (0)  =  S(m»  (7-29) 

fi.  mm 
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and  the  corresponding  sum  is 


S(fx',^i)  S(tn',m)  S  +  ^  4  s(g  »  3(m»  S(m,;i  +  4p)  (7-30) 

a+y 

Similarly,  (or  ft  =  a  y  ^  0,ff,  ^ 

d'p(,r)  =  (-1)’'^'^  S(m',-  m)  d^']  (:,)  S(m',-m)  (7-31) 

ii  ii  lYi  m 


S(g',-,0  8(m',-m)  e* !(•"-/' Ka-y)  ^  4s(f,\-^)  3(m',-m)  S(m,^n  4p)  (7-32) 

a~y 


For  P  ~  ,  we  have,  a,y  =  0,n,  ^  ,  hut  no  simple  expression  for  the  d'  ,  , 

2  2  2  m  m 

so  we  will  leave  the  sum  in  the  form 

‘'"y  <f  > (j (x '‘'‘"•'’(fw'J’-jTi 8(".,).-4p)  (7-33) 


In  general,  wc  may  write  the  matrix  elements  of  the  projection  operators  as  a  sum 
of  three  terms 

(v ) 

(crjm'IP,  lajm)  =  S(m'(('3  4p')  8(m,/i  +  4p) 

^  24"  ^  (-!)’■''"  S(m  ',-m)  +  c(-^)  (7-34) 

For  the  representations  considered,  the  coefficients  c(0),  c(ir),  and  c(it/2)  are,  as  we  have 
seen 

c(0)  =  8(m',m) 

c(«r)  =  (-Di'+f^  S(^',-p)  (7-35) 

c(.f)  =  4d(i;) 

2  H  ft  2 
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TABLE  7-1 


COEPFICIENTS  IN  THE  EXPRESSION  OP  THE  PROJECTION 
operators,  group  O.  (CUBIC  AXES) 


p 

P 

c(0) 

c(rr) 

c(^) 

r 

P' 

P 

c(0) 

c(rr) 

c(tr/2) 

0 

0 

1 

1 

4 

^1/2  j 

1/2 

1/2 

1 

0 

2v/2 

2 

2 

1 

1 

-4 

1 

-1/2 

1/2 

0 

-1 

-2yj2 

0 

0 

1 

1 

-2 

c*  • 

1/2 

-1/2 

0 

1 

2^ 

2 

0 

0 

0 

2s/i 

^1/2 

-1/2 

-1/2 

1 

0 

2^2 

0 

2 

0 

0 

2s/i 

5/2 

5/2 

1 

0 

-2v/2 

2 

2 

1 

1 

2 

-5/2 

5/2 

0 

-1 

2^ 

1 

1 

1 

0 

2 

*^5/2  1 

5/2 

-5/2 

0 

1 

-2>/2 

0 

1 

0 

0 

-2y/2 

-5/2 

-5/2 

1 

0 

-2>/2 

-1 

1 

0 

1 

2 

3/2 

3/2 

1 

0 

1 

0 

0 

0 

Isjl 

r*  ( 

1/2 

3/2 

0 

0 

-f6 

0 

0 

1 

-1 

0 

^i/2 

-1/2 

3/2 

0 

0 

-1 

0 

0 

0 

-2J2 

-3/2 

3/2 

0 

-1 

1 

-1 

0 

1 

2 

1  3/2 

1/2 

0 

0 

0 

-1 

0 

0 

-2^/2 

1/2 

1/2 

1 

0 

-1 

-1 

1 

0 

2 

^i/2  ' 

-1/2 

1/2 

0 

1 

-1 

-1 

1 

0 

-2 

^-3/2 

1/2 

0 

0 

2 

-1 

0 

0 

2^ 

j  3/2 

-1/2 

0 

0 

1 

-1 

0 

1 

\  1/2 

-1/2 

0 

-1 

-1 

2 

0 

0 

-2J2 

^i/2 

j-l/2 

-1/2 

1 

0 

2 

2 

1 

-1 

0 

(-3/2 

-1/2 

0 

0 

-Vr 

1 

2 

0 

0 

2/r 

(  3/2 

-3/2 

0 

1 

-1 

1 

0 

1 

-2 

J  1/2 

-3/2 

0 

0 

2 

1 

0 

0 

Ispl 

^i/2 

j-l/2 

-3/2 

0 

0 

sfT 

1 

1 

1 

0 

-2 

1  -3/2 

-3/2 

1 

0 

vr 
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These  coefficients  may  be  obtained  for  the  remaining  representations  in  a  similar 
form.  Table  7*1  gives  their  values  for  all  the  operators  for  the  group  0. 

The  simplest  linear  combinations  of  j  j  m)  functions  transforming  according  to  the 
different  irreducible  representations  are 


Al 

100) 

=  0 

Al 

1132) -13, -2)17/2 

fi  =  2 

E 

1120),  1122)  t  12,  -2)1/ /2] 

^=0,2 

Ff 

[im,  ilO),  11,-1)] 

p=l,0,-l 

F2 

112,-1),  1  |22)-12,-2)I/vT,  -  12,  1)] 

g  =  -  1,2,1 

Ey 

'3 

1 1  ^  1  -  y  )  1 

M=y,-y 

EV. 

[||^^)_/T  1^,-^)!//^  1  _^/T|^^)., 

1  ~  -y )  I//6] 

tly-J-),  1  1-^-- 

'  2  ’  2  ’  2  ’  2 

(7-36) 

Trigonal  Axes 


In  certain  problems  involving  correlations  between  results  for  cubic  symmetry  and 
those  obtained  when  some  lower  type  of  symmetry  is  present  it  is  convenient  to  refer  the 
I  j  m)  funtions  to  a  system  of  axis  other  than  the  usual  cubic  axis.  The  symmetry  functions 
referred  to  the  cubic  axes  may  be  transformed  by  the  methods  of  Section  5,  but  the  linear 
combinations  thus  obtained  are  in  general  more  complicated  than  the  original  ones.  It  is 
often  preferable  to  set  up  the  problem  from  the  start  in  the  desired  set  of  axis  and  obtain 
cubic  symmetry  functions,  which  are  the  simplest  in  the  new  reference  system,  so  that  the 
correlation  with  the  lower  symmetry  functions  may  also  be  facilitated. 

The  Eulerian  angles  for  the  operations  of  the  cubic  groups  may  be  easily  determined 
for  the  lower  symmetry  reference  system,  and  the  expressions  for  the  projection  operators 
and  the  symmetry  functions  are  obtained  as  in  the  previous  case. 

A  very  frequent  type  of  lower  symmetry  is  that  of  trigonal  symmetry.  We  may  con¬ 
veniently  choose  the  trigonal  set  of  axes  along  the  following  directions  of  the  elementary 
cube 
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Z'-  (1,1,1) 


X 


y'-  (1,0, -1) 


TRIGONAL  AXES 
FIG.  7-1 

The  Euierian  angles  corresponding  to  the  operations  of  the  octahedral  group  0 
referred  to  the  trigonal  axes  system  are  given  in  Table  7-2,  The  operations  are  designated 
by  the  same  symbols  used  for  the  cubic  set  of  axes.  The  possible  sets  of  angles  may  be 
summarized  as  follows 

a+y  =  0,27r/3,  -  2»r/3 

a-Y  =  0,2n/‘i,  -  2ir/3 

j  a  =  0,  2rr/3,  -  2,7/3 
|y-n=  0,  2tr/3,-2ff/3 


P  =0 
(3 

/3  =  r,r-;7 
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TABLE  7-2 


GROUP  0;  Eulerian  Angles  (Trigonal  Axes) 


SUBGROUP  T 

COSET  T.Cj' 

R 

(y,P,a) 

R.Cj 

(y./l,a) 

E 

(0,0,0) 

C2(-xz) 

(0,,r,0) 

CjW 

C4(y) 

(--^,  77,  ^~) 

C2(y) 

(;7,f,0) 

C2(xz) 

(  77,  r-7,0) 

CjCx) 

c;ky)  ■ 

(-^  ,  7-  77  ,  —  ^—) 

(-^f,o,o) 

C^(-y2) 

(■|^,77,0) 

(-f-,r,-^) 

Cjdyz)  • 

(-^  ,  7-77,  ) 

Cjd.-l.-l) 

(~  -^ ,  >■,  0) 

cV  (X) 

( - 1",  7- 77,  0) 

('','■,  ) 

C4(x) 

(77,  7-77,-  •^^) 

Cjl  (1,1,1) 

0,0) 

C2(-xy) 

(-  *^1  77,  0) 

c-i(-i,i,-i) 

/  ,7  .  2n  \ 

C^(xy) 

sl<7 

^") 

C;'  (2) 

(  *7,  7-  77,  •^^) 

CV(-1,-1,1) 

(•^ ,  ’■»  0) 

C4(2) 

(■f-  ,  7-77,  0) 
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The  angle  r  =  109°28'is  the  tetrahedral  angle  and 

cos  T  --  1/3,  sin  r  =  2  JT /3  (7-38) 

The  operations  of  the  subgroup  T  are  those  with  ft  =  0,r,  while  for  the  coset  T-C^ 
we  have  {i  -  n,  r  i  n. 

The  irreducible  representation  matrices  for  A  j,  F^,  Ei^,  and  Gy  in  terms  of  the 
Eulerian  angles  are  the  same  as  for  the  case  of  cubic  set  of  axes,  and  they  have  been  given 
in  Table  6-d.  Also,  the  matrices  lor  A^^  F2,  and  Esy  ire  chosen  to  be  the  same  as  for  the 
corresponding  conjugate  representations  Aj,  Fj,  and  E-./^  for  the  operations  of  the  subgroup 
T,  and  the  negatives  for  the  operations  of  the  coset  T.Cj.  However,  the  matrices  for  the 
irreducible  representation  E  are  now  chosen  as 


for  the  operations  of  the  coset  T-C^  ,  (fi  -  n,  r-n). 

The  matrix  elements  of  the  projection  operators  may  be  written  as  a  sum  of  four  terms 

(jm'l  I  jm)  =  S(m,(i+3p)  8(  m',g'+3p') 

fl 

x|  c(0)  5(m',m)+  c(ir)  8(m', -m)  (7-41) 

+  c+(r)(-l  )"'-!*  djt|;,(r)  .  c-(r)(-l)>"'‘tin,;!.^„,  (0  ! 

The  representations  Aj,  Ei^,  Fj,  and  Gy  have  been  chosen  so  that  the  jo  j'm)  functions 
for  j'=  0,  1/2,  1,  and  3/2,  respectively,  transform  according  to  the  corresponding  matrices,  and 
the  coefficients  c(0),  c(v),  c'*'(!-),  and  c“(r)  are  given  by 
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c(0)  =  5  (n',  ft) 

c(,r)  =  (-l)i +M  d(,r,  -fi) 

(7-42) 

c*(r)  =  3d<9  (r) 

c-(r)  =  3  (-!)'-('  (r) 

/i  I  — M 

For  the  representations  Aj,  ^5/2*  and  ^21  coefficients  c(n-)  and  c~(r)  have  opposite  sign 
from  those  for  A  j ,  Ki/2,  and  F|,  as  previously  indicated.  The  numerical  values  of  the 
coefficients  for  all  the  representations  are  given  in  Table  7-3. 

The  simplest  linear  combinations  of  jjm)  functions  transforming  according  to  the 
matrices  of  the  irreducible  representations  chosen  are 

Ai  100) 

Aj  1/^133)  + 130) -v/1 1 3,-3)  1/3 
E  [lv/I|21)  +  12,-2)!/x/T,  1  122)-^/?12,-l)l/^^  1] 

Fi  LIU),  110),  11,-1)] 

F2  [l-121)  +  v/I12,-2)l/v/J,  120),  1-V2122)-|2,-1)1/v/5  ] 

^‘1/2  U  y  Y'),  1  -y  ,-y  )  ] 

E5/2  1^,-f  )!/3,  l-2lf -f)-v/5  l-f,--^)l/3] 

^}/2  1-^  \  ~ 

(7-43) 


0 

P  =  0 
p  =  1,  -1 
p=  1,0,-1 
p=  1,0,-1 

i  1 

„  1  1 

=  --y 


GROUP T 

As  indicated  previously,  the  matrices  of  the  irreducible  representations  of  the  group 
0,  with  the  exception  of  those  for  E  and  Gjy2i  have  been  chosen  so  that  they  are  also 
irreducible  undv?r  the  subgroup  T.  Accordingly,  the  symmetry  functions  obtained  for  the 
group  O  are  also  symmetry  functions  under  T,  with  the  correlation 
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TABLE  7-3 


COEFPICIENTS  IN  THE  EXPRESSION  OE  THE  PRO]  ECTION 
OPERATORS.  GROUP  O  (Trigonal  axes) 


v 

F 

E 

C(0) 

C(r7) 

c+(r) 

c-(r) 

r 

E 

E 

c(0) 

c(!7) 

c+(r) 

c"(r) 

Ai 

0 

0 

1 

1 

3 

3 

E  i 

1/2 

1/2 

1 

0 

‘^2 

0 

0 

1 

-1 

3 

-3 

Pl/2  1 

-1/2 

1/2 

0 

-1 

1 

1 

1 

0 

-3 

0 

p  s 

1/2 

-1/2 

0 

1 

76 

-n/T 

"  1 

-1 

1 

0 

1 

0 

-3 

Pl/2  1 

-1/2 

-1/2 

1 

0 

n/? 

j 

1 

-1 

0 

1 

0 

-3 

( 

1/2 

1/2 

1 

0 

"  1 

-1 

-1 

1 

0 

-3 

0 

P5/2  1 

-1/2 

1/2 

0 

1 

-/3‘ 

1 

1 

1 

1 

0 

1 

2 

1/2 

-1/2 

0 

-1 

73 

Pi 

0 

1 

0 

0 

-2 

2 

E5/2  j 

-1/2 

-1/2 

+  1 

0 

v/r 

-76 

-1 

1 

0 

1 

2 

1 

3/2 

3/2 

1 

0 

yi73 

78/3 

1 

0 

0 

0 

2 

-2 

1/2 

3/2 

0 

0 

2 

Pi 

0 

0 

1 

-1 

-1 

1 

^3/2 

-1/2 

3/2 

0 

0 

2 

-1 

0 

0 

0 

-2 

2 

-3/2 

3/2 

0 

-I 

TiTT 

1 

1 

-1 

0 

1 

2 

1 

3/2 

1/2 

0 

0 

-2 

Fl 

0 

-1 

0 

0 

2 

-2 

1/2 

1/2 

1 

0 

0 

-1 

-1 

1 

0 

1 

2 

^3/2 

-1/2 

1/2 

0 

1 

0 

r  1 

1 

1 

0 

1 

-2 

-3/2 

1/2 

0 

0 

2 

F2 

0 

1 

0 

0 

-2 

-2 

3/2 

-1/2 

0 

0 

2 

7^ 

-1 

1 

0 

-1 

2 

-1 

1/2 

-1/2 

0 

-1 

0 

-73 

1 

0 

0 

0 

2 

2 

G3/2 

-1/2 

-1/2 

1 

0 

-7? 

0 

P2 

0 

0 

1 

1 

-1 

-1 

-3/2 

-1/2 

0 

0 

2 

-1 

0 

0 

0 

-2 

-2 

1  3/2 

-3/2 

0 

1 

sn 

-TiTF 

1 

-1 

0 

-1 

2 

-1 

1/2 

-3/2 

0 

0 

2 

P2 

0 

-1 

0 

0 

2 

2 

•^3/2 

-1/2 

-3/2 

0 

0 

-2 

-1 

-1 

1 

0 

1 

-2 

'  -3/2 

-3/2 

1 

0 

7iv3 

TsTJ 
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Group  T 


A  j  >  A  2  ^  A 

Fp  F2  - -  F 

^1/2»F^5/2  - F.1/2 

The  self'Conjugate  representations  E  and  G3/2  ‘'f  6''”'JP  G  are  reducible  under  T. 

The  reduction  of  the  corresponding  matrices  chosen  for  the  group  0  may  be  accomplished 
by  a  unitary  transformation 


rT^A'^FoA  (7-44) 

where  the  matrix  A  is  given  by  Eq.  (6-17)  or  (6-18)  for  the  representations  E  or 
spectively. 

The  corresponding  symmetry  functions  are  obtained  from  those  for  the  group  0  by  the 
transformation 


=  VqA 


(7-45) 


The  simplest  linear  combinations  of  jjm)  eigenfunctions  obtained  for  these  represen¬ 
tations  are 


E,=  -^  [  ^/2  |20)+  i  122)  +  i  12,  -2)] 
Eb=  -^[v/1120)-  i  122)-  i  12,-2)] 


(7-46) 


1  -2-,  -  -L  )  1 

2  2 

1  ‘  1  »  ^  )  +  1 

-L  -  -1)1 

2  ’  2  ' 

(7-47) 

1  -f-.  )i 
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GROUP  Tj 

The  symmetry  functions  for  the  irreducible  representations  of  the  group  Tj  may  be 
deduced  from  those  of  the  group  O  by  simple  considerations. 

If  the  Ijm)  eigenfunctions  have  even  parity,  they  transform  under  the  operations  of  Tj 
in  the  same  way  as  under  the  operations  of  O,  Since  we  have  chosen  the  same  matrix  repre* 
sentations  for  both  groups,  we  also  obtain  the  same  linear  combinations  of  Ijm)  eigenfunctions. 

If  the  Ijm)  eigenfunctions  have  odd  parity  it  is  sufficient  to  notice  that  they  transform 
under  the  operations  of  Tj  in  the  same  form  as  the  products  IA2)  Ijm)  transform  under  the 
corresponding  operations  of  the  group  O.  Consequently,  the  coefficients  of  the  |jm)  eigen¬ 
functions  of  odd  parity  in  the  symmetry  functions  which  belong  to  a  given  irreducible  repre¬ 
sentation  of  Tj  are  the  same  as  for  the  corresponding  Ijm)  functions  which  belong  to  the 
conjugate  representation  of  the  group  O,  For  the  self-conjugate  representations,  E  and 
the  preceding  argument  requires  that  the  partner  functions  be  taken  in  different  order  and 
with  diffcient  phases  from  those  for  the  group  0  or  even  parity  functions.  If  the  symmetry 
functions  are  designated  by  the  index  /r  that  labels  the  row  of  the  irreducible  representation 
of  0  to  which  the  function  l;t)  belongs,  the  partners  have  to  be  chosen  according  to  the 
following  scheme 


This  result  will  appear  evident  later  on,  when  the  coupling  coefficients  for  the  point  groups 
are  considered. 

In  different  words,  it  may  be  said  that  the  E  or  symmetry  functions  jjii),  |/i2)>  ••••> 
if  their  parity  is  odd,  form  basis  for  a  representation  of  Tj  which  is  equivalent  to  the  one  they 
afford  for  the  group  0,  but  not  identical.  In  order  to  obtain  a  set  which  transforms  according 
to  the  latter,  they  have  to  be  subjected  to  an  appropriate  unitary  transformation,  which  for  our 
choice  of  representations  leads  to  the  result  quoted. 


1 
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CROUPS  T(,  ANO  0,, 

These  nre  direct  product  groups  I  x  T  and  0  x  T.  Functions  that  belong  to  a  given 
irreducible  representation  of  T  (or  O)  belong  to  the  corresponding  g  or  Ji  representations  of 
(or  0|,),  depending  on  whether  they  have  even  or  odd  parity,  respectively. 
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8. 


COUPLING  COEFFICIENTS 


A.  SPHERICAL  BASIS 

Let  us  consider  two  angular  momentum  operators,  and  Jj,  with  eigenfunctions 
Ij^m^)  and  subscripts  1  and  2  refer  to  two  independent  spaces  (two  particles 

or  systems,  orbital  and  spin  coordinates  of  a  particle  or  system,  etc.)  and  therefore  every 
component  of  one  operate;;  commutes  with  every  component  of  the  other. 

The  sum 

Jl  +  Jj  =  J  (8-1) 

is  also  an  angular  momentum  operator  and  its  components 

Jla  +  J2a  =  Ja  (a  =  x,y,or2)  (8-2) 

satisfy  the  usual  commutation  rules. 

J  X  J  =  iJ  (8-3) 


It  is  possible  therefore  to  find  eigenfunctions  jjm)  satisfying  the  eigenvalue  equations 


J2|jm)  »  jjm)  j(j  +  1) 
Jjljm)  =  |im)m 


(8-4) 


The  (2jj  +  1)  (Zjj  +  1)  functions  of  the  type 

Ijjmj)  )j2m2)  »  li  imJ^mj)  (8-5) 

form  the  basis  of  the  direct  product  representation  (or  uncoupled  representation).  They 
are  eigenfunctions  of  the  z-component  of  the  total  angular  momentum,  with  eigenvalues 

m  ®  ^  ^2 

(Jla  +  “  ljl"'l)lj2'"2)  ("’l  +  "’2^ 

but  ate  not,  in  general,  eigenfunctions  of  the  total  J  2,  The  product  functions  may  be 
classified  according  to  the  values  of  m  =  +  m2.  There  is  one  function,  | j^i^)|j2j2)> 
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0 


& 


for  in  =  +  \2\  two  functions,  Iiiii)li2i2  “  1)  ^'’<1  liiii  “  ^)lj2i2^  m  ■"  Jl  +  >2  “  - > 

2)2  +  1  or  2j^  +  1  for  m  =  |j|^  -  jjj;. . . and  finally  one  for  m  =  -  (jj  +  j2).  By  simple  con¬ 
siderations  which  we  shall  not  go  into,  it  may  be  proved  that  the  possible  eigenvalues 
j  of  Eq.  (8-4)  are 

ii  +  )2i  ii  +  12  “  •  •  •  •>  111  ~  iai 

The  eigenfunctions  jjm)  are  linear  combinations  of  the  above  product  functions 
with  I  lOj  =  m 


Ijm)  =  1  Ij2ni2)(j^nijj2"’2n'”)  (8*7) 

The  summation  runs  only  over  the  possible  values  of  one  of  the  indices  mj  or  m2,  since 
their  sum  is  fixed. 

The  coefficients  (jj^mj^i2m2|jm)  are  the  so-called  vector-coupling,  Clebsch-Gordan, 
or  Wigner’s  coefficients.  Since  the  basis  functions  in  both  coupled  and  uncoupled  schemes 
are  assumed  orthonormal,  the  matrices  of  these  coefficients  for  a  given  m  are  unitary. 
Moreover,  the  phase-factors  are  usually  chosen  so  that  the  transformation  coefficients  are 
real,  and  the  matrices  are  orthogonal.  The  orthogonality  relations  are 

1  (jim;i2m2ljm)  ( ijmjj2m2li'"’)  =S(j,j') 

(8-8) 

S  ( jimj2m2lim  )  (  jjmJjjm'ljm)  =  S(mj,mJ) 

where  it  is  understood  that  mJ  +  m^  =  in. 

Recursion  Relations 

There  is  an  important  recursion  formula  which  connects  three  coupling  coefficients 
with  the  same  j^jj,  and  jj,  and  adjacent  values  of  the  m’s.  It  may  be  obtained  by  applying 
the  m-lowering  operator 

J-  =  Ujx  -  Ujy)  =  (Jlx  +  J2x)  -iOly  +  Jzy)  (8-9) 

to  both  sides  of  Eq.  (8-7)  followed  by  ptemulti plication  by  ( j  jmj^l(j2m2l.  After  relabeling 
mj  the  result  may  be  written  as 


1 
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Tile  recursion  formulne  together  with  the  orthonormality  conditions  suffice  to 
determine  all  the  coupling  coefficients  for  given  j  i,j2,j3,  except  from  a  common  arbitrary 
phase  factor. 

Thus,  for  example  for  m  j  =  j  ^  Eq,  (8-10)  becomes  a  one-term  recursion  formula, 
so  that  the  ratios  of  the  coupling  coefficients  for  in  j  =  j  ^  to  one  of  them  may  be  determined. 
This  particular  element  may  be  obtained  by  the  normalization  condition.  The  phase  factor 
is  chosen  to  be  +1,  and  all  these  elements  will  be  positive.  Similarly,  for  mj  =  -  j^,  Eq. 
(8-11)  also  becomes  a  one-term  recursion  formula  and  all  the  elements  in  the  last  row  of 
the  matrices  in  the  previous  scheme  may  be  obtained.  Also,  they  are  all  positive.  The  rest 
of  the  elements  may  then  be  obtained  from  those  of  the  first  column  and  the  last  row  by 
using  either  of  the  recursion  relations. 

General  Expression 

The  general  expression  for  the  coupling  coefficients  given  by  Wigner^  is  the 
following: 

”  S(raj  +  m2,m3)(2j  j  +  1)’^^ 


(-)l  +  i2-*'i5)Ki  i-)2-*-i3)Uift-j2-i3)i(i3-i-m3)!(j3-m3)i 

0l  +  i2  +  i3  +  l)Kji  +  mi)!(ji-in  i)!(j2  +  ni2)!(j2-ni2)l 


1/2 


X  S 


(-1)  ^ _ ()  ^-m^^-^^)!(i2-t^i3■^-ln^-v)! 


''  ‘^K-)i  +  j2  +  i3->')!(j3  +  mj  -  i/)!(-j2  +  -  mj  +  v)l 


(8-12) 


The  summation  index  v  assumes  all  integral  values  that  make  the  arguments  of  the 
factorials  non-negative. 

The  formula  is  simpler  for  some  particular  values  of  the  m’s.  A  few  particular 
cases  are  of  interest,  and  we  shall  express  them  in  terms  of  binomial  coefficients. 

For  =  m2  =  mj  =  0,  ifjj:  +  j2  +  jj  =  odd. 


(iiOjaOlisO)  “  0 


(8-13) 
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‘Ml  +  i2  +  is  = 


It  should  be  noticed  that  the  last  factor  is  symmetric  in  ji,i2)i3'  I"  actual  calculations  it 
is  advantageous  to  denote  the  smallest  );  by  jj  and  the  largest  by  j  j  in  Eq.  (8-14). 


•For  mj  =  jj 
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T he  3"/  Symbols 

There  are  several  different  notations  in  use  for  the  vector-coupling  coefficients, 
A  summary  is  given  by  Edmonds.^  In  addition,  "symmetrized”  coefficients  have  been 
introduced,  The  most  widely  accepted  are  the  3-/  symbols  introduced  by  Wigner.  These 
are  defined  as 


(jjin  j  ^m^liji-mj) 


(8-19) 


with  mj  +  m2  +  !nj=0. 

The  most  obvious  advantage  is  that  the  existing  symmetry  relations  take  the 
simplest  form  in  terms  of  the  3-/'  symbols. 

The  symmetry  relations  between  3*/ symbols  with  the  same  values  of  ji,j2i  ^'^<1 
jj  may  be  stated  as  follows; 

An  even  permutation  of  the  columns  leaves  their  value  unchanged,  an  odd  permutation 
introduces  the  factor  (-1)'^* 

A  change  in  sign  of  all  the  m^’s  introduces  the  factor  (-  1)*^ 

They  may  be  expressed  as  follows: 


If  tKe  parameters  are  all  different,  these  relations  connect  twelve  coefficients. 

The  orthogonality  relations  (Eq.  8-8)  are  slightly  modified  if  expressed  in  terms 
of  3-/  coefficients 
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(8-21) 


X 

'"l 


X 


/)i  h  )i\ 

)  (2)5+  1)  =  S(mi,m;) 
yii  J  in  2  *"  3  / 


where  111^  +  ^2  +  1115  -  +  inj  +  Wj  =  0 


Calculation  0/  i-j  Coefficients 

The  expression  for  the  coefficients  may  be  written  in  the  following  form 


S(m  +  m2  +  m  5,  0) 


(j  t+in  ^)!()  t-m;)l(j  2+in 2)'()  3+m5)l(i  3-m 5)! 

(-)  i+i  2+)  3>'-(j  i-i  2+)  I  +  )  2  -  i  3  >•()  1+i  2+i  3+ 


V2 


(8-22) 


X  X(-l) 


v+ 1  i-i  2-1113 


/jl  +  i2-)3\  /il-i2+)3\  /Hi  +  j2+j3\ 

V  /  Vl  \  12  +■"2-*'/ 


The  sum  is  taken  over  all  integral  values  of  v  which  make  the  arguments  of  the 
factorials  non-negative.  The  same  is  true  for  the  possible  values  of  jj,j2,j3i  which  should 
satisfy  the  triangular  condition. 


The  factor  in  front  of  the  summation  is  symmetric  in  the  subindices  1,2,  and  3,  so 
that  the  summations  themselves  have  the  same  symmetry  properties  as  the  3-/  coefficients. 
Also  they  are  sums  of  products  of  binomial  coefficients  and  therefore  integral  numbers, 
and  satisfy  recursion  relations  much  simplei  than  those  for  the  coupling  coefficients. 
These  are  very  useful  for  numerical  calculations  of  the  coupling  coefficients. 

if  12  hi 


The  summations  may  be  denoted  by  X 
correspond  to  Eqs.  (8-10)  and  (8-11)  ate 


m  ^  m  2 


.  The  recursion  relations  that 
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o 


(i3  +  mj)  2 

)  1  j2  13 

+  (j^^  nil  +  1)  2 

ii  h.  h 

+  (i2  +  in2+  1)  2 

ii  ij  i3 

m  J  m2  m  J 

mi  +  l  mj  iiij-l 

• 

rn  1  m  2  +  1  m  j  ^  1 

i  1  12  is 

i 1  i  2  is 

i  1  )  2 

ii 

(ij-mj)  2 

+  (jj^  -  nij  +  1) 

i-(j 2-1112  1- 1)  2 

m  1  in  2  m  j 

111  1  - 1  111  2  111  3 1 1 

m  1  in  2  -  1 

m  ^  + 1 

(8-23) 


(8-24) 


Another  very  useful  recursion  formula  relates  the  sigmas  with  those  for  adjacent  values 
of  the  j’s  and  takes  the  simple  form 

j  1  i2  i?  i 2 “ 2  is  j2“l/2  jj 

2  »=  2  -2  (8-25) 

mjm2mj  m^-1/2  m2+l/2  irij  mj^+1/2  m2-l/2  m^ 


Thus,  for  example,  the  2-matrices  for 

‘tt'tl  I  ^  =  3/2,  j  2  “  5/2,  i  j  =  3 


The  second  may  be  calculated  from  the  first  by  simply  caking  the  difference  between  two 
elements,  whose  relative  positions  are  indicated  in  the  scheme. 
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The  expressions  for  the  sigmas  for  the  particular  values  ivij  =  j  j  and  m2  =  -•  i2  are 
of  interest  since  all  the  others  in  a  given  matrix  may  be  obtained  from  them  by  means  of  the 
recursion  relations  (8-23,24). 


F  or  m  J  =  i  J 


S 


ii  12  ij 

j  1  m2  m3 


(-1) 


ir 


and  for  m2  =  -  j2 


)l  h  >3 

a'ri2"’3 


(-1) 


h“)2“'^3 


(8-26) 


(8-27) 


Coupling  Rules  for  the  Rotation  Matrices 

The  expression  for  the  coupling  of  angular  momentum  eigenfunctions  thus  far  considered 
is 


jjmj)=  1  liititj)  Ii2m2)  (iiniii2ni2lj3nij) 


(8-28) 


where  mj  =  mj  t  ni2  and  the  jj’s  satisfy  the  triangular  condition  ii+  i2  >  ^  >  lii-jal*  The 


'3 

inverse  relation  is 


|j,mi)  |i2ni2^  ^  Ii3"'3^  (iiaiii2'"2l  i3"’3^ 

>3 


(8-29) 


The  coefficients  may  be  written  as  either  (j  jm  ]i2ni2li  3m3)  or  (i3m3lj  imii2™2)  i"  virtue  of 
the  orthogonal  character  of  the  transformation. 

It  should  be  remembered  at  this  point  that  Ijjmf)  and  Ij2tn2)  are  functions  in  two  in' 
dependent  spaces  while  Ii3m5)  is  a  function  in  the  product  space.  Thus,  for  example,  if 

lj,m,)  =  Yf'jJ  ((7l,0,) 

1  ~  ^12 
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tlien  Ij  jiTij)  is  a  function  of  Oj,  0[,  Oj)  '/'2*  ^  spherical  harmonic,  although  it 

transforms  under  rotations  in  the  same  way. 

The  coupling  expressions  for  spherical  harmonics  with  the  same  argument  may  be 
obtained  from  those  for  the  matrix  elements  of  the  rotation  matrices.  If  the  rotation  operator 
R(a/3y)  is  applied  to  both  sides  of  Eq.  (8-28),  we  obtain  according  to  Eq,  (5*9) 


.  2,  |i3mp 


^  J'  m'm'  '’•'"1^  (a/5y)DjU^  (a/8y)(jimij2m2lj3m3) 

nijrnj^ni2  ^  ^ 


(8-30) 


If  we  premultiply  scalarly  by  a  particular  (jjnijl  only  one  term  on  the  left  hand  side 
remains,  while  on  the  right  hand  side  the  only  non-vanishing  terms  are  those  for  which 
mj  +  mj  =  nij,  and  we  obtain 


(ii) 


m ,  m 


l‘‘T 


'■2  "’2 


(8-31) 


Similarly,  from  Eq.  (8-29)  the  inverse  relation  may  be  derived 


(“^y)I^m\'m2  fj  l"’n2"’2' IjjmjX)  jm  ji2m2|j3m3)D^'?^5^^  (a^y) 


()2^ 


(8-32) 


where,  as  indicated,  mj  =  m ,  +  m2  and  m^^mJ  +  mj. 


It  is  more  convenient  to  use  in  place  of  Eq.(8-31)  another  expression  involving  only 
one  summation.  This  may  be  obtained  from  Eq  (8»30)  on  premultiplication  by  a  particular 
product  function  (iim{|  (j2ni2l  ^tid  taking  into  account  the  orthonormal  properties  of  these 
basis  functions.  One  obtains 


(iimli 


jiiij  )2m2l 


(8-33) 


The  coupling  rules  for  spherical  harmonics  with  the  same  argument  may  now  be  ob¬ 
tained  by  setting  mj  =  m2  =  m3  =  0in  Eqs.  (8-32)  and  (8-33),  and  making  use  of  the  relation 
between  the  (a^<^)  and  the  Y,^  (0,i^)  given  by  Eq.  (5-30).  The  results  are 
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Y|3^(0,0)  = 


4tT(2Zj  +  1) 


(2-t,+  l)(2 


Vi 


(R-34) 


and 


Y|’t  (0,<^)Y|’^2(o,^)=^ 


(2^,+l)(2  4^2  +  1) 


4  (2  -t  1  f  1 ) 


y; 


(8-35) 


Matrix  Elements  of  Uphcrical  U armonic s 

From  these  coupling  relations  one  may  now  deduce  the  expressions  for  the  integral  of  the 
product  of  three  rotation  matrices  or  three  spherical  harmonics.  If  Eq.  (8-32)  is  premultiplied  by 
a  particular  and  integrated  over  the  range  of  the  three  Eulerian  angles  we  obtain,  by 

considering  the  orthogonality  properties 


/  dR 

^  m  r«  m  n-, 


^3^5  *^2^2 


Lav  |r,<i2)  ID 


(8-36) 


8>f‘ 


(2jj+  1) 


(iimj'ijnij'l  ijnijOOimiijtnjl  jjm,) 


Similarly,  the  integral  of  the  product  of  three  spherical  harmonics  is 

/sin0d0  d^  <?!.)*  Yp  y!^’  (O,.^) 

0  0  5  ^  ^ 


(Yjna  I  y"'2iy";»)  = 


4^2  '  -t, 


(2'ti  +  l)(2^2  +  1) 


I  4n  (2d)j+  1) 


y, 


(8-37) 


{'t  [0  ^  2  01  '^30)(  •(^imj^2*’'2l'^3"’3) 


This  may  be  written  in  terms  of  the  3-j  symbols, 


(Y^3|Y^2|y'J'l)=  (_!)'"? 

'vx  'i'1 


r(2Vl)(2d(2^1)(2d:3tl)1  %iV3\  (^l  ^2^ i\ 
L  4  ir  J  \0  0  0  y  y nij  mj  -mjy 


(8-38) 
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This  expression  is  very  important  for  the  determination  of  the  matrix  elements  of  many 
operators  of  interest  in  physical  problems.  For  example,  the  crystal  field  potential  acting  on 
one  electron  may  be  expanded  as  a  series  of  spherical  harmonics.  The  matrix  elements  of 
the  potential  between  electronic  states  with  definite  angular  momentum  may  be  expressed 
in  terms  of  the  3-j  coefficients.  The  matrix  elements  for  other  sets  of  basis  functions,  such 
as  the  symmetry  functions  corresponding  to  the  actual  symmetry  point  group  of  the  crystal, 
may  then  be  obtained  by  the  appropriate  transformation.  The  transformations  between  the  two 
sets  of  basis  functions. have  been  considered  already  in  Section  7. 

Since  the  3*j  coefficients  are  necessary  for  this,  as  well  as  for  other  purposes,  we 
have  written  programs  for  their  calculation  with  a  650  IBM  electronic  computer. 

Two  programs  are  available.  One  is  especially  adequate  for  the  computation  of  tables 
of  3*j  coefficients.  In  this  program  we  have  made  use  of  the  recursion  formulae  for  the 
sigmas  of  Eqs.  (8-23,  24)  and  this  contributes  considerably  to  its  speed. 

Another  program  has  been  written  as  a  subroutine  to  be  used  in  computations  of  a 
wider  scope  where  values  of  3‘j  coefficients  may  be  required  in  the  course  of  the  calculations. 

All  the  values  are  computed  in  exact  form,  and  given  in  terms  of  products  of  prime 
numbers  or,  alternately,  as  ratios  of  integers.  Further  details  of  the  calculations  are  given 
immediately  preceeding  the  tables. 


B.  MORE  GENERAL  TREATMENT  OF  COUPLING  COEFFICIENTS 

When  considering  the  coupling  of  angular  momenta,  the  (j  imjj2m2ljm)  have  been  de¬ 
fined  simply  as  the  coefficients  in  those  linear  combinations  of  product  functions 


Ijm)  =  1  liimj)  Ijjmj)  (jim,)2m2l)m) 
"I 


(8-39) 


or  ine  coiai 


which  are  also  eigenfunctions  z  ...  .  ^  . 

coupling  coefficients  are  the  elements  of  the  matrix  that  reduces  the  direct  product  of  the 
irreducible  representations  and  of  the  two-dimensional  unitary  group  into  its 
irreducible  components,  F . , 


We  shall  now  consider  this  problem  more  generally,  for  any  group  whose  irreducible 
matrix  representations  are  known.  The  linear  combinations  of  product  functions  lyiPj)  ly2F2) 
that  transform  according  to  the  different  irreducible  representations  of  the  group  in  question 
may  be  written  in  the  form 


1 
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(8-40) 


l«y(0  =  S  Ixi/m)  ly2/'2^  (yi/ii>'2(‘2l“y(‘) 

r  1*^2 

The  inverse  transformation  is 

lyi/'tMy2/'2^  "  l«y/'Hrty/i|yiF-,y2/^2'  (8*41) 

The  extra  index  a  is  necessary  whenever  tliere  is  more  than  one  linear  combination  of 
product  functions  that  transform  according  to  the  irreducible  representation  P,  Tlie  number 
of  times  that  the  product  representation  l'[  x  I'j  contains  the  irreducible  representation 
is,  according  to  Eq.  (4-27),* 


"ij.k 


=  h  -  y',r  y 


(i) 

K  R 


(8-42) 


The  functions  jay/d  labelled  by  different  values  of  a  may  be  chosen  to  be  orthomormal, 
and  the  coupling  coefficients  may  be  considered  as  the  elements  of  a  unitary  matrix,  so  that 

(ayf»|yi/‘iy2f‘2^  =  (yi('iy2/‘2l“y/‘^* 

The  set  of  product  functions  lyjgj)  Iy2/t2)  transform  under  an  operation  II  of  the  group 
according  to  the  direct  product  matrix  D(R)  ^  FjfR)  x  r2(R).  The  "coupled”  functions  |ay/i) 
transform  according  to  a  matrix  D'(R)  which  is  in  reduced  form,  that  is,  it  has  along  its  main 
diagonal  the  matrices  r(R)  of  the  irreducible  representations  contained  in  the  direct  product 
Fj  X  r2,  und  zeros  elsewhere.  The  representation  matrices  are  related  by  a  unitary  trans¬ 
formation  of  the  form  of  Eq,  (2-l(i) 


D'(R)  =  D(R)  A 


(8-44) 


The  coupling  coefficients  ate  the  elements  of  A  and  may  be  determined  by  solving  the 
above  equations.  This  is  the  method  outlined  by  Koster^, 


If  we  write  n*-  i,  *  (P;  P;  IPl).  these  ’’coefficients  of  composition”  of  the  group  are  non*negative  integers 

1J,K  *  4  *  .  ^ 

satisfying  symmetry  relations  of  the  form 


(FiFj  1  Fk)  =  (Fi*  Fj*  1  r,-)  =  (Fj!';  1 F^)  =  1  Fj-) 
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Explicit  expressions  for  the  coupling  coefficients  nmy  be  obtained  in  a  more  straight 

forward  fashion  by  use  of  the  projection  operators,  according  to  the  metliods  of  Section  4. 

We  shall  consider  first  the  case  when  the  representation  1'  is  contained  only  once  in  the 

direct  product  I',  y  P,.  We  can  then  write  the  operatot  of  lui.  (4-14)  in  the  form 

/' 


=  \yf' ')  (yt'l  "  2  (yg'  1  R  ly/t)*  I! 

/*  R 


(8-45) 


In  general,  wlicn  operating  on  a  product  function  ly,;ij)  Iy2ft25  if  generates  a  linear 
combination  which  lielongs  to  the  g -th  row  of  tlie  irredticible  representation  P 


|yj/'l^  ly2(‘2^  ^  ly/''Hyg  Iyigiy2g2> 


(8-46) 


provided  (yg  ly  jgiy2P2i  “  i>'i/'iy2/‘2  ly/'^*  ^  if  f''*®  ‘iocs  not  vanish,  wc  can  write 

ly/‘'i  iyi/‘iy2/'2 ly/‘^*  -j|-  |  iyM'lR|y/‘^*  R  lyiMil  ly2/'2^ 

(8-47) 

=  lyif'i'i  ly2f‘P  I  (yifi)  I i^lyif'iHy2ii2 1 Rly2f‘2^iy/‘'lRlyh^* 

/‘l/*2  '' 

Comparison  with  Eq.  (8-40)  leads  to  the  explicit  expression  for  the  coupling  coefficients 
in  terms  of  the  matrix  elements  of  the  irreducible  representations 


y2'^2 


— - ii— — - —  S  (yigJlRlyigi)(y2/i2'lRly2M2^iyM'll^|yM^* 

hiyi(^iy2f‘2ly'^i  ^ 


(8-48) 


By  letting  gj  ,  g^  i  “"d  assume  all  possible  values,  while  keeping  gj,  g2,  and  g  fixed, 
all  the  coupling  coefficients  are  obtained  with  the  proper  phase  relations,  A  common  phase 
factor  is  still,  of  course,  arbitrary.  In  the  particular  case  of  the  two-dimensional  unitary 
group,  the  expression  for  the  coupling  coefficients  takes  the  form 


(iimi'jjmjljm')  = 


2]  +  1 


(8«f9) 


--T,.  .  - /  (jl>"I|Rl)imi)()2m^|Rlj2ni2)(jm'lRljm)*dR 

8fr'()jinj)2m2l)m)*  R 
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which  is  equivalent  to  Rq.  (17.22)  of  Wigner'.  If  the  explicit  expressions  for  the  elements  of 
the  rotation  matrices,  Eqs.  (5-9)  and  (5-10),  are  introduced  in  Eq.  (8-49)  one  arrives  at  the 
general  expression  for  the  coupling  coefficients  which  was  given  without  proof  in  Section  8, 
Eq.  (8-12).  As  already  mentioned,  the  above  expression  defines  the  coupling  coefficients 
aside  from  an  arbitrary  phase  factor,  e“/-’,  common  to  all  the  (j  jm  jj2m2l)m)  for  given 
and  all  possible  values  of  mj,  m2,  m.  This  is  usually  chosen  so  that  the  coupling  coefficients 
for  mj  =  j  ^  are  real  and  positive.  Since  the  integral  on  the  right  hand  side  of  Eq,  (8*49)  is  a 
real  number,  this  choice  makes  all  the  coupling  coefficients  real. 


In  general,  a  reducible  representation  may  contain  a  given  irreducible  representation 
r  more  than  once.  We  shall  therefore  express  the  operator  symbollically  in  the  general 
form 


(8-50) 


where  the  index  a  assumes  n^  different  values,  corresponding  to  the  number  of  times  that 
the  irreducible  representation  y  is  contained  in  the  reducible  representation  under  consid¬ 
eration,  Oy  being  given  by  Eq,  (4*27). 

If  Operates  on  a  product  function,  we  now  have,  instead  of  Eq.  (8-47), 


IVlAl)  Iy2f‘2^  =  2  lay/i')  (ayplyi/iiy2f'2) 


^  2  |yiP{)  lyjMz)  S(yiPi'|R|yii‘i)(y2/^2lR|y2f^2)(y/''lRly(i)* 

”  /l/‘2  ^ 


(8-51) 


The  (known)  sum  over  the  group  operations  on  the  right  hand  side  is  not  in  this  case  pro¬ 
portional  to  one  of  the  coupling  coefficients,  but  rather  a  linear  combination  of  of  these, 
since  Eq.  (8-51)  prcmultiplied  by  a  particular  product  function  (y i/ij  Iy2/i2  1  gives 

iyi/4'y2(^2'  I  I  yiMiy2f^2)  = 

“  I  iyiMi  IRlyiMi)  (yzf*^ |R|y2f^2^  ^yi‘'|R|yf‘)*  (8-52) 

=  s  (yifily2/‘2l“yA'^  (yif‘iy2i^2  l°yM)* 

a 

where  use  has  been  made  of  Eq.  (8-43). 
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Although  no  simple  explicit  expression  results,  there  is  no  difficulty  in  obtaining  the 
coupling  coefficients.  As  indicated  in  Section  4,  we  may  operate  with  on  Hy  different 

product  functions  in  the  form  given  by  Eq.  (8-51).  If  the  resulting  functions  are  not  orthogonal, 
an  orthonormal  set  may  be  constructed  from  them  by  any  of  the  usual  procedures,  or  by  the 
methods  of  Section  4.  These  may  be  taken  as  the  Oy  desired  jayp')  functions,  and  the  co¬ 
efficients  of  the  lyj/i()  lyj/tp  are  the  coupling  coefficients  (y j/t  J  y2H2  I")'/' There  is, 
consequently,  considerable  arbitrariness  in  the  choice  of  the  \ayfi')  functions,  since  any 
other  set  of  Oy  functions  |^?y(i')  obtained  from  the  jayfi')  by  a  unitary  transformation  is 
equally  acceptable.  The  corresponding  coupling  coefficients  are  related  to  the. previous 
ones  by 

”  I  (yi(iiy2M2l«y/''nal^)  (8-53) 

where  the  coefficients  {a\ft)  are  the  elements  of  a  unitary  matrix  of  order  ny.  This  arbitrariness 
is  the  usual  one  encountered  whenever  there  is  a  degeneracy;  in  the  present  case  the  Hy 
functions  |ayft)  all  belong  to  the  same  eigenvalue  (unity)  of  the  (i*th  row  projection  operator 

p(y). 

There  are  several  reasons  that  make  it  desirable  to  introduce  further  conditions  to 
remove  the  arbitrariness  in  the  choice  of  the  jay/t).  The  simplest  reason  concerns  the  iden¬ 
tification  of  the  Dy  different  functions.  For  a  completely  arbitrary  choice,  a  represents  only 
a  running  index,  and  conveys  no  information  about  jayfi).  In  order  to  specify  this  function  it 
is  then  necessary  to  list  all  the  coupling  coefficients  (y i;riy2/^2l“yi*^  ^'1*  A  better 

way  of  identifying  a  given  jay/t)  is  by  means  of  a  generating  function,  that  is,  in  the  present 
case,  a  certain  linear  combination  of  the  original  product  functions  such  that  one  of  the 
operating  on  it  generates  jayp).  As  indicated  in  Section  4,  the  generating  function  has  to 
be  orthogonal  to  the  Hy-l  remaining  jayX)  functions,  and  can  always  be  chosen  so  that  it 
contains  at  most  riy  non-vanishing  coefficients. 

What  is  most  desirable,  in  principle,  is  to  arrive  at  a  set  of  jayp)  which  are  eigen¬ 
functions  of  some  operator  (or  set  of  operators)  in  such  a  way  that  every  value  of  a  cor¬ 
responds  to  a  different  eigenvalue.  Alternatively,  it  is  usually  possible  to  find  some  symmetry 
group,  different  from  the  one  under  consideration,  such  that  the  coupled  functions  may  be 
classified  according  to  different  irreducible  representations  of  that  group. 

The  preceding  remarks  are  perhaps  best  illustrated  by  a  simple  example.  Let  us  con¬ 
sider  the  reduction  of  the  direct  product  representation  F  j  x  Gjy2  ‘he  cubic  double  group  0 
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(8-54) 


Fj  X  Gj/2  •  E|/2  +  Eyj  +  2G3/2 

which  contains  twice  the  '^3/2  irreducible  representation.  As  basis  functions  for  the  Fj 
representation  we  may  take  the  angular  momentum  eigenfunctions  Ijjmj)  for  =  1,  and 
similarly  for  Gj/2  functions  Ij2m2)  for  j2  =  3/2.  The  coupled  functions  may  be  made  eigen¬ 
functions  of  the  total  -  (J  j  4  J2)^  thus  obtaining  two  sets  of  Gy 2  functions,  one  corre¬ 
sponding  to  j  =  3/2,  the  other  to  j  5/2. This  is  also  equivalent  to  classifying  the  coupled 
functions  according  to  the  irreducible  representations  of  the  rotation  group  R^. 

Similarly,  the  direct  product  of  the  representation  F  of  the  tetrahedral  group  T  with 

itself 


r  X  F  A  4  E  4  2F  (8-55) 

contains  the  representation  F  twice.  T  is  a  subgroup  of  O  and  we  can  choose  sets  of  functions 
of  type  F  ]  in  0  as  basis  functions  F  for  the  group  T.  The  corresponding  direct  product  in  0  is 

Fj  X  Fi  =  A,  4  E  4  Fi  4  F2  (8-56) 

so  that  the  two  sets  of  F  coupled  functions  of  the  group  T  can  be  classified,  one  as  F  j, 
the  other  as  Fj,  under  0. 

ORTHOGONALITY  RELATIONS 

These  are  simply  an  expression  of  the  unitary  nature  of  the  transformation  (8-40,  41) 

oyg 

“  2  (yiPiy2f‘2  l“yM)  (yiPiy2f‘2  ^  s(f^2if‘2)  (8-57) 

ayfi 

2  (ayplviPi/jM:)  (yif‘iy2f‘2l“'yV') 

1^11^2 

=  2  (y  1^172^2  loyM^*  (yiMiy2M2  1“VV')  =  S(a, a')  8(y,y')  S(p,/i')  (8-58) 

f^l(‘2 
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COUPLING  RULES  FOR  THE  (y/j'lR|yji) 

The  coupling  rules  for  the  elements  of  the  representation  matrices  may  be  obtained  by 
the  same  arguments  used  in  the  case  of  the  rotation  matrices,  Eqs.  (8-30)  to  (8-33).  In  the 
general  case  we  have 

(8-59) 


(yihllRIyif^l^  (72(^21*^172/^2^ 

=  2  2^  (yifr{y2M2l“3y3/'P  ^“3>'3('3l>'l(‘l>'2/^2^  ^73('3l^l>'3(^3^ 

0373 


(8-60) 


As  in  the  previous  formulae,  the  coefficients  (0373^3171(^172(^2^  replaced  by 

(yi(‘l72f*2l“3>'3("3^** 
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9.  COUPLING  COEFFICIENTS  FOR  THE  POINT  GROUPS 


The  coupling  coefficients  for  the  point  groups  are  easily  obtained  from  the  results  of 
the  previous  Section. 

If  only  one-dimensional  representations  are  involved,  the  coupling  coefficients  may  be 
taken  to  be  unity  if  Fj  x  r2  =  F,  and  zero  otherwise.  They  are  thus  identical  with  the  njj^j^ 
of  Eq.  (8-42)  and  are  easily  obtained  from  the  rules  for  representation  multiplication. 

For  the  degenerate  representations,  they  may  be  obtained  from  Eqs.  (8-48)  or  (8-52) 
and  the  irreducible  representation  matrices.  The  coupling  coefficients  given  in  this  Section 
correspond  to  the  choice  of  representation  matrices  given  in  Section  6,  Tables  6-3  and  6-4. 


GROUPS  C„,  C„^,  AND  S2„ 

The  representations  of  the  groups  C^,  and  S2„  are  all  one-dimensional,  and  the 
coupling  coefficients  may  be  chosen  to  be  one  or  zero. 

Thus,  for  example,  for  the  groups,  the  multiplication  rule  is 


M2  Vj 


(9*1) 


where 


fij  =  /ij  +  *  n  (9-2) 

the  plus  or  minus  sign  being  chosen  so  that 

-n/2  <  fj}  n/2  (9-3) 

Accordingly,  the  coupling  coefficients  are  of  the  form 

(yi/‘iy2»i2ly3F3>  =  5(1^3.  ^  n)  (9-4) 

For  the  groups  (g  even)  and  S2„  (n  odd)  we  have,  in  addition,  the  multiplication 

rule 
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gxg=uvu=g 
g  X  u  =  u 


(9-5) 


and  the  coupling  coefficients  are 

02Y2l^2\°iyil^i>  =  S(M3i  Ml  +  M2  *  S  (oj.  Oi  ±  ^2^ 

where,  as  indicated  previously,  u  =  1  for  functions  of  even  parity,  and  o  =  0  for  those  of  odd 
parity. 

For  the  groups  Cj,j,  (n  odd)  and  S2„  (n  even),  isomorphous  with  the  results  for  C„ 
apply,  with  n  replaced  by  2n. 

GROUPS  D„.  C„^  (n  even) 

The  coupling  coefficients  associated  with  only  one-dimensional  representations  may 
be  taken  as  unity  or  zero.  The  multiplication  rules  for  these  are  symbolized  as  follows 


AxA^BxB'sA 
A  X  B  =  B 


(9-7) 


(l)x(l)-(2)x(2)  =  (l) 

(1)  X  (2)  =  (2) 

We  shall  label  the  basis  functions  lyfi)  for  the  two-dimensional  representations  as 
ly)  or  l-y),  for  brevity.  The  product  of  these  and  one-dimensional  representations  are  always 
of  the  form 

A  X  Ey  -  Ey  B  X  Ey  =  E  „  _y  (9-9) 

The  coupling  coefficients  are  given  as  follows 
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TABLE  9-1 


Aj  X  Ey 

Ey 

ly)  l-y) 

|Ai)  ly) 
lAi)  1-y) 

1  0 

0  1 

BixEy 

En/2  -y 

1  -y)  1-  +y) 

IDj)  ly) 

lDi)l-y) 

0  1 

(-i)^y  0 

Aj  X  Ey 

Ey 

|y) 

1-y) 

lAj)  ly) 

1 

0 

IA2)  hy) 

i  ” 

-1 

B2  X  Ey 

En/2  - 

■y 

\f-y)  1- 

+y) 

IB2)  ly) 

0 

1 

ID2)  1-y) 

-i-iyy 

0 

In  these  tables,  as  well  as  in  those  to  follow  later,  the  coupling  coefficient 

appears  in  the  row  labelled  by  l/xj)  and  the  column  labelled  by  Ifi). 

In  general,  the  product  of  two  degenerate  representations  is  of  the  form 


'yi-y2 


(9-10) 


However,  if  =  n/2  we  have  instead  of  l^yj  +  y2  one-dimensional  represen¬ 

tations,  Bj  and  Bj.  Similarly,  if  yj  — y2  =•  0,  the  place  of  Ey^_y  is  taken  by  the  two-one 
dimensional  representations  Aj  and  Aj.  The  coupling  coefficients  (or  the  different  possible 
values  of  yj  +  y^  and  yj  -  yj  (assuming  yj  ^y2)  are  given  in  Table  9-2  . 
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TABLE  9-2 


0<)/i4  72<n/2 

71  +  72  =  '’/2 

n/2  <yj  +  y-^<  n 

Eyj  X 

72 

I71  +  72)  1-71-72^ 

Dj  +  Dj 

IBi)  IB2) 

^■>“71-72 

In-yi-yj)  1-0+71+72^ 

l/l)  172^ 
l-yj)  1-72) 

1  0 

0  1 

>jri2  ^f^n 
VT72  -vT72 

1  0 

GROUPS  AND  (it  odd} 

The  same  results  as  for  ji  even  are  valid,  except  when  the  complex  representations 
and  D2  are  involved.  In  particular,  it  should  be  noticed  that,  unlike  the  case  of  n,  even, 
one  now  has 


B  j  X  13 j  =  D2  X  D2  =  A2 
Bj  X  B2  =  A  j 


(9-11) 


In  addition,  the  coupling  coefficients  involving  Bj  or  Bj  and  the  doubly  degenerate 
representations  cannot  be  chosen  to  be  ail  real.  The  coupling  coefficients  which  differ  from 
those  for  n  even  are 


(B1B1IA2)  =  (B2B2IA2)  =  (BiB2|A,)  =  1 
(BjBjIAi)  =  (B2B2IA1)  =  (B1B2IA2)  =  0 
and  those  in  the  following  Table  9-3. 
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TABLE  9-3 


Bi  X  Ey 

E 

D.  ~y 

\f-y)  1 

^  ^y 

\f-y)  \-f  +  y) 

l»i)  ly) 

0 

1 

11^2)  ly) 

0  1 

|Bi)  1-y) 

0 

IB 2)  l-y) 

-i(-i)2y  0 

GROUPS  D^j,  (n  even)  AND  D„j  (n  odd) 

The  same  results  as  for  D  „  apply,  with  the  additional  rule 

gxgxuxu«g 
u  X  g  =  u 


(9-13) 


GROUPS  D,,[,  (n  odd)  AND  (n  evert) 

The  same  results  as  for  D„  (  n  even)  are  valid,  with  2n  in  place  of  n. 

GROUP  0 

If  the  elements  of  the  representation  matrices  given  in  Table  6-4  are  introduced  in 
Eq.  (8-48)  and  the  summations  over  the  values  of  the  angles  a  and  y  are  performed,  one  can 
easily  arrive  at  an  expression  for  the  coupling  coefficients  which,  for  the  choice  of  functions 
referred  to  the  cubic  set  of  axes,  takes  the  form 
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1 


some  irreducible  representations  are  contained  twice  and  therefore  Eqs,  (9*14)  and  (9*15)  re¬ 
quire  a  slight  modification,  according  to  Eq.  (8-52). 

As  indicated  in  the  previous  Section,  the  choice  of  the  two  sets  of  basis  functions  of 
the  same  symmetry  in  the  product  may  be  done  according  to  different  criteria,  if  we  choose 
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I 


as  basis  funclioiis  Tor  the  original  F  j  the  Ijm)  funtcions  for  j  =  1|  and  for  tlie  Ijm) 

functions  for  j  --  3/2,  we  can  choose  linear  combinations  of  product  functions  which  are 
eigenfunctions  of  the  total  J^,  so  that 

Fi(),-l)xGj/2(j2  =  3./2)== 

(9-17) 

=  Ei/2(J  =  1/2)  +  E5/2(J  =  5/2)  +  G3/2(J  =  3/2)  +  03/2(1  =  5/2) 


03/2(11  =3/2)  X  G3/2(j2=  3/2)  = 

=  AiO  =  0)  +  AjO  =  3)  +E(J  =  2)+  F,(J  =1)  +  F,(J  =  3)  +  F2(J  =  2)  +  F2(J  =3) 

(9-18) 

The  corresponding  coupling  coefficients  ate  given  for  convenience  in  Table  9-4. 

TABLE  9-4 


Fj  XG3/2 

E 

11/2) 

1/2 

1-1/2) 

13/2) 

^3/2 

11/2)  1-1/2) 

-3/2) 

E5/2 

15/2)  1-5/2) 

13/2) 

G 

11/2) 

3/2 

1-1/2) 

-3/2) 

11)  13/2) 

0 

0 

0 

0 

0 

0 

^/T76 

0 

0 

0 

0 

ID  11/2) 

0 

0 

y/775 

0 

0 

0 

0 

1/2  “^1/10 

0 

0 

0 

ID  1-1/2) 

n/T75 

0 

0 

\/WTi 

0 

0 

0 

0 

0 

VITTo 

0 

0 

ID  1-3/2) 

0 

0 

0 

\/575 

0 

0 

0 

0 

0 

-VT/nr 

0 

10)  13/2) 

0 

0 

0 

0 

0 

0 

-Vi73  -ViTB 

0 

0 

0 

10)  11/2) 

-\/i73 

0 

0 

-\/I7l5 

0 

0 

0 

0 

0 

V375 

0 

0 

MEMBBrn 

0 

— \/l/3 

0 

0 

y/T7T5 

0 

0 

0 

0 

0 

-V57r 

0 

10)  1-3/2) 

0 

0 

0 

0 

0 

\/575 

-VTTT 

0 

0 

0 

0 

VTTTs 

1-1)13/2) 

\/I72 

0 

0 

-V^ 

0 

0 

0 

0 

0 

yjTTTO 

0 

0 

1-1)11/2) 

0 

VTTS"  0 

0 

-v/§7l5 

0 

0 

0 

0 

0 

-\!WT5 

0 

1-1)  1-1/2) 

0 

0 

0 

0 

0 

-ViTT 

0 

0 

0 

0 

v/i7nr 

1-1)  1-3/2) 

0 

0 

0 

0 

0 

0 

0 

\/I75  -V5/6 

0 

0 

0 

I 

I 

I 

I 


and  similarly 
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The  coupling  coefficients  chosen  there  for  F2  x  G3/2  related  to  those  for  F  j  x 
liy  simple  symmetry  relations. 

This  clioice  of  coupling  coefficients  is  not  the  one  we  have  preferred  in  the  final 
Tables.  In  these,  the  product  functions  in  G^yj  x  ^1^/1  have  been  classified  as  symmetric 
or  antisymmetric  witli  respect  to  a  simple  linear  transformation  of  the  original  functions 


i/2  ’''i/2  ^ 

where  the  matrix  A  is 

0  1  o\ 

0  0  -1  \ 
0  0  o' 

1  0  0/ 


(9-19) 


(9-20) 


(This  may  be  recognized  as  the  matrix  of  coupling  coefficients  for  the  product  A 2x65/2 “  Gjy2) 
Tlie  product  functions  of  G3y2^-^3/2  symmetric  under  the  transformation  belong  to 

A  [,  A2,  F 1,  and  F 2,  while  the  antisymmetric  belong  to  E,  F  j,  and  F 2.  The  Fj  or  F2  symmetric 
functions  are  designated  in  the  tables  as  Fj^*^  and  Fj^^^  while  tlie  antisymmetric  as  Fj^“^ 
and  F2^“\  It  may  also  be  noticed  that  this  choice  leads  to  simpler  results  for  the  coupling 
coefficients. 


The  coupling  coefficients  for  the  Gj/j  functions  in  the  products  F  j  x  Gj/j 
F2  X  Gj/2  h^tve  been  then  obtained  from  the  previous  ones  in  such  a  way  that  they  satisfy  the  simplest 
symmetry  relations.  We  shall  consider  this  point  in  more  detail  in  the  section  dealing  with  the 
symmetrized  coupling  coefficients. 

The  relation  between  the  Fj^’*'  or  F2^“^  and  those  of  Eq.  (9-18)  is 


F  (+) 
F  W 


Fi(J  =  1)  +  2Fi(J  =  3) 
2Fi(J  =  1)  -  F,(J  =  3) 


/VT 

/^/5■ 


(9-21) 


Similarly  the  G^j;]  and  of  the  product  Fj  x  G5y2  st®  related  to  those  in  Eq.  (9-17)  in 

the  form 


G 


G 


Gj/jO  =  3/2)  +  2G3/2(J  -  5/2)  /VT 
2G3/2O  =  3/2)  -  Gj/2(J  =  5/2)1  /VT 


(9-22) 
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C 


cnoup T 

Tlie  coupling  coefficients  for  T  may  be  obtained  from  those  for  the  group  O  with 
some  slight  modifications,  With  our  choice  of  representations  the  coupling  coefficients 
involving  A,  F,  and  Ej/j  are  the  same  as  those  for  the  grouji  t),  taking  into  account  the 
correlation 

A  j,  A^  ■  >  A 

Fj.Fj—^F  (9-23) 

^I/2>  ^5/2-*-  *^1/2 

The  choice  of  representation  matrices  for  E  and  group  O  is  such  that  the 

basis  functions  for  E^,  Ej,,  G^,  and  of  the  group  T  are  obtained  from  them  by  a  trans¬ 
formation,  Eq.  (7-45) 

Wr  -  'Vo  A  (9-24) 

The  matrix  whose  elements  are  the  coupling  coefficients  (y iPi>'2/t2l“y3ir3)T 
group  T  is  obtained  from  the  corresponding  matrix  for  the  group  0  by  means  of  the 

transformation  I 

I 

C^.[a(‘)xA<2i]’CoA(5)  (9.25)  ; 

where  the  matrices  A^V^  for  the  E  and  representations  are  those  given  in  Eqs.  (A-17) 
and  (6-18),  For  the  remaining  representations  the  A^v)  are  unit  matrices. 

It  should  be  remarked  that  the  coupling  coefficients  involving  E^,  Ej,,  G^,  and  Gj,, 
cannot  be  chosen  to  be  all  real,  as  in  the  previous  case  of  the  D,,  groups  with  n  odd.  This 
is  due  to  the  fact  that  the  representations  in  question  have  complex  characters  or,  in  other 
words,  are  not  equivalent  to  their  complex  conjugate  representations, 

GROUP  Tj 

Since  the  representation  matrices  have  been  chosen  to  be  identical  with  those  for  the 
group  O,  the  coupling  coefficients  are  also  the  same  for  both  groups, 

GROUPS  Th  AND  Oh 

These  are  direct  product  groups,  and  the  coupling  coefficients  are  obtained  from  those 
for  T  and  O  taking  into  account  the  additional  parity  multiplication  rule. 


I 
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10.  IRREDUCIBLE  SPHERICAL  TENSORS 


When  considering  atomic  wave  functions  it  is  often  preferable  to  operate  in  spherical 
rather  than  cartesian  coordinates.  The  spherical  basis  functions  appear  in  a  natural  way  as 
basis  functions  of  a  representation  where  J  and  Jj,are  diagonal.  This  is  intimately  related 
to  their  *rans formation  properties  under  rotations  of  the  coordinate  system.  Thus,  for 
example,  spherical  harmonics  with  different  j  values  are  basis  for  different  irreducible 
representations  of  the  rotation  group  in  three  diniensions,  R3.  Similarly,  different  m  values 
correspond  to  different  irreducible  representations  of  the  group  of  rotations  about  the  z-axis. 

Cartesian  coordinates  (or  momenta)  and  their  products  afford  bases  for  representations 
which  are,  in  general,  reducible.  For  example,  although  x,  y,  and  z  themselves  are  basis  of 
an  irreducible  representation,  (j  =  1),  only  the  appropriate  linear  combinations 

-  (x  +  iy)/v^=  rVj, 

z  =  (W3)''^  r  Y°  ,  (10-1) 

(x  -iy)/s/I  =  (4a/3)’^  r  Y\^ 


diagonalize  J 

The  six  products  x^,  y^,  z^,  xy,  xz,  and  yz  afford  a  reducible  representation.  There 
is  a  linear  combination 


x^  +  y^+z^^r^  (10-2) 

which  is  invariant  under  rotations,  as  Yq,  while  five  other  appropriate  linear  combinations 
will  transform  as  the  second  order  spherical  harmonics,  YJ .  Similarly,  we  may  consider 
the  nine  products  of  the  cartesian  components  of  two  vectors.  The  linear  combination 

X  jX2  +  y  [Y 2  +  2 1^2  ^  ’  ^2^  (10-3) 

is  a  scalar  and  remains  invariant  under  rotations.  The  three  linear  combinations 
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yizj-zjya  (10-4) 

Z1X2  -Xj22 

afford  a  basis  for  the  j  =  1  representation,  just  as  .  The  five  remaining  (independent) 
linear  combinations  afford  a  basis  for  the  j  =  2  representation,  as  the  YJ  spherical  harmonics. 

When  we  come  to  consider  the  quantum  mechanical  operators  associated  with  functions 
of  the  coordinates  or  momenta  the  preceeding  considerations  about  their  transformation 
properties  are  also  valid.  In  addition,  we  shall  find  that  the  matrices  of  operators  in 
spherical  basis  are  also  simpler  than  in  cartesian.  A  know  example  is  that  of  the  angular 
momentum  operators  themselves.  For  p-states,  (j  =  1),  the  matrices  for  J  j,  Jy,  and  are 


(0  l/s/7  0  ' 

1/VI  0  l/VT 

0  l/V?  0  ; 


0  -i/V?  0 
i/VI  0  -i/VI 

0  i/\/2  0 


The  corresponding  angular  momentum  operators  in  the  spherical  system  are 


(10-5) 


Similarly,  we  have  seen  (Eq.  8-37)  that  the  only  non-vanishing  matrix  elements  of  the  spherical 
hannonics  are  of  the  form 

(-tml  Y^*  I  r,  m-M) 

so  that  there  are  only  elements  along  a  line  parallel  to  the  main  diagonal. 
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It  should  be  noticed  that  the  mattices  of  the  operators  in  the  spherical  basis  are  not 
Hetmitian,.  While  for  a  Hermitian  operator  (  H  =  H*)  such  as  we  have 

('em!  =  JJ-tm)*  (10-8) 

for  an  ’’irreducible  tensor  operator”  in  the  spherical  basis,  such  as  ,  we  have 

(^m|  YM  I  ^'m')=  (-1)^’  {'t'm'l  Y^^' j  ^m)*  (10-9) 

or,  more  generally 


(T^y  =(-l)“ 


(10-10) 


(This  merely  reflects  the  fact  that  the  corresponding  functions  are  not  real.  Compare 
(10-10)  with  the  definition  (Yl)*  =  (-1)^  adopted  for  the  spherical  harmonics). 

With  the  preceeding  considerations  in  mind  we  may  now  define  an  ’’irreducible  tensor 
operator”  of  rank  L  as  a  set  of  2L  +  1  functions  (operators)  which  transform  under  rotations 
of  the  coordinate  axes  in  the  same  way  as  the  spherical  harmonics  of  order  L: 

rtMr-‘ =  (10-11) 

(Remember  that  if  the  basis  functions  \j>  are  changed  by  the  transformation  R  in  the  form 
^  ->  R^,  an  operator  or  matrix  is  changed  in  the  form  T  -*  RTR'*.  See  Eq.  3-7). 

Alternatively,  it  may  be  defined  by  the  condition  that  the  set  of  operators  satisfy 

the  commutation  relations 

t  J,  i  ijy,  tM  1  =  l(L+  M)(L  ±  M  +  1)]''^  Ti*  ±  ‘ 

(Ja.Tj;  ]- (10-12) 

Both  definitions  may  be  shown  to  be  equivalent.  The  second  is  the  one  given  by  Racah®, 
Since  the  proof  is  relatively  simple  we  shall  sketch  it  briefly. 
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We  shall  first  remember  the  connection  between  the  rotation  operators  and  the 
angular  momentum  operators,  Eq.  (S-d), 

(10-13) 

0  is  the  angle  of  rotation  about  the  axis  defined  by  the  unit  vector  n,  and  (n  •  J)  is  the 
component  of  the  angular  momentum  along  tliat  axis.  This  expression  is  often  taken  as 
the  definition  of  the  angular  momentum  operators.  One  should  also  remember  that  the 

are  nothing  else  than  the  matrix  elements  of  R  in  the  basis  afforded  by  the  spherical 
harmonics  . 

=  (LM'IR  |LM)  =  (LM'l  j  LM)  (10-14) 

For  an  infinitesimal  rotation  we  may  expand  R  in  the  form 

R  =  e‘^^"  1  +  i0(n  .  J)  +  ....  (10-15) 

Eq.  (10-14)  now  takes  the  form 

={LM'l  1  +  id>(n  •  J)  1  LM)  (10-16) 

-  5(M;M)  +  i</.  (LM'l  (n  •  J)  1  LM) 

We  can  now  substitute  the  above  results  in  (10-11)  keeping  terms  only  up  to  the  first  order 
in  (f>. 

For  the  left  hand  side  of  (10-11)  we  obtain 

R  R-U(l  +  i0  (n.J))  T/;*  (l-id.(n.J))  (10-17) 

=  TM  +  i.^  ((n.J)Ti‘-T^' (nJ)) 

For  the  right  hand  side, 

.i^  I,(LM'|(n.J)|LM)  T^'  (10-18) 

M  M 


10-4 


and  finally 

[(n.J),  2,Ti;''(LM'l(n.J)  I  LM)  (10-19) 

M 

We  only  have  to  substitute  on  the  right  hand  side  the  values  of  the  matrix  elements  of  the 
components  of  the  angular  momentum.  The  non-vanishing  elements  are 

(  L,M+11  +  ij  JLM)  -  L(L-M)(L  +  M  +  1)]''^' 

(10-20) 

(  L,M-1|  J^~iJylLM)  -  l(L  +  M)(L-M  +  l)r 
(  L  M  1  ]  J  LM)  =  M 

Substitution  in  (10-19)  gives  the  commutation  relations  (10-12). 

ADDITION  AND  MULTIPLICATION  OF  TENSORS 

Two  tensors  of  the  same  rank  may  be  added  to  give  another  tensor  of  the  same  rank. 

Also,  two  irreducible  spherical  tensors  T^^  and  Tl^  may  be  "coupled"  to  give 
other  irreducible  tensors  with  ranks  L  such  that  lL,-L2l£LiLi+L2, 

The  addition  and  multiplication  of  tensors  will  be  treated  in  some  more  detail  in  the 
next  Section. 
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Matrix  Blewent s  of  Spheric al  Ten.^nrs  v 

We  consider  now  some  general  properties  of  tensor  operators  in  the  spherical  basis* 

We  assume  tliat  the  basis  functions  |jni)are  eigenfunctions  of  (the  total)  and  J  ^  of  the 
sys  tern. 

In  the  commutation  relation  (10-12, b) 

-  T[1  -- M  tJ*  (10-21) 

we  can  multiply  on  the  left  by  (jm],  and  on  the  right  by  li'niO.  We  obtain 

mfjmlTM  I  j'mO-m'(imlT,';'li'nO  =M(jm|T['  jj'm')  (10-22) 

or 

(m-m*-  M)  (jmlT^l  j'm')=  0, 

so  that  the  only  non-vanishing  elements  will  be  those  for  which  m  =  M+m',  Within  a  given 
j,j  'submatrix  they  are  all  along  a  parallel  to  the  main  diagonal  jm,  jm,  just  as  in  the  case 
of  the  matrix  elements  of  the  spherical  harmonics  or  J  j,  Jq,  J.j. 

If  the  same  procedure  is  applied  to  the  other  commutation  relations  (10-12, a) 

U,  i  ijy,  T,';f  ]  :.  1  (L  7  M)  (L  i  M  +1)!^’  TJ!  *  >  (10-23) 

one  obtains  recurrence  relations  between  matrix  elements  with  the  same  L,  j,  j'and  adjacent 
M,  m,  and  m'.  These  may  be  written  as 

f(L,M+l)(jmlTM|  j'm')  =f(j,m+l)(j,m+llTM'  ‘  j  j 'm')- f(j  >')  (jm  11^+' |i 'm'-l)  (10-24) 
f(L,M)  (jmjTM  1  j 'm')  =  f(j,  m)  (j  m-lj  T““Mi 'm  0  -  f  (j m4-l)(jmlTM“*|j  'm'+l)  (10-25) 

where 

f(j,  m)  =  V  (j+ni)  (j-m+1)  (10-26) 


] 
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It  is  important  to  notice  that  if  one  matrix  element  'm')/0  is  known,  all  the 

elements  for  allowed  values  of  m,  m',  and  M  and  the  same  j,  j L,  can  be  determined  by 
means  of  the  recursion  relations.  Also  important  is  the  fact  that  the  Clebscli-Gordan 
coefficients  (j'm'LMj  jm)  satisfy  the  same  recursion  formulae  (See  (8-10,11)  as  the 
(jmlT^  1  j'm'),  and  both  vanish  unless  M  +  m'=  m.  From  this,  and  the  linear  nature  of  the 
recursion  relation  follows  the 


Wigner  —  E chart  Theorem, 

This  states  that  the  matrix  elements  (imlT^  1  j 'm')  are  proportional  to  the  Clebsch- 
Gordan  coefficients 


(jmlTM  |j'm')=  -  (j'm'LMljm).  (10-27) 

the  ratio  being  independent  of  the  projection  quantum  numbers  m,  m',  and  M,  It  is  only 
determined  by  the  physical  properties  of  the  tensor  operator  and  the  system.  The  geo¬ 
metrical  properties,  which  depend  on  the  orientation  of  the  reference  frame,  are  entirely 
contained  in  the  Clebsch-Gordan  coefficient. 

(ill  Hi')  is  called  the  reduced  matrix  element  of  the  tensor  operator  Tl.  This  is 
the  factor  that  differentiates  two  tensors  of  the  same  rank. 

As  in  the  case  of  the  Clebsch-Gordan  coefficients,  the  "double-bar”  matrix  elements 
may  be  defined  in  several  ways  (See  Edmonds,^  p.  88).  The  definition  given  is  equivalent 
to  that  of  Edmonds  and  Racah,  the  only  difference  being  one  of  notation 

(ajm  |TM  1  a'j'm') 

=  (-l)i-'"(ajl|TL  |l«'i)  (  ’  ]:  (10-28) 

I— m  Mm/ 

=  (-1)'+"'  (ajllTL  11  a'j').  V(|j'L;-mm'M) 

Physical  Interpretation  of  {a]  HT^  Ija'j') 

In  virtue  of  the  orthogonality  of  the  Clebsch-Gordan  coefficients  it  easily  follows 

that 
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2  J(«jni|TM  ia'i'm')|2  =  1  (« j  1 1  1 1  a |  ^ 

m  I  M  y  m 


(1029) 


In  radiation  theory,  if  is  the  operator  inducing  transitions,  the  sum  (10>29)  over  magnetic 
quantum  numbers  and  polarizations  is  defined  as  the  line  strength  of  the  transition  (Condon 
and  Shortley  p.  98) 

S  (oj,  a'i')  =  l(nil|T,Jl  o'j')l2  (10-30) 


and  is  symmetrical  in  the  initial  and  final  states. 

The  Reduced  Matrix  Elements  oj  J  anti  \ 

The  (jllTj^ljj')  are  usually  determined  from  (10-27,  28)  after  computing  the  easiest 
of  the  (jm|  T]^  |  j 'm  O.  For  the  angular  momentum  operator  one  obtains 

(i  IIJ  Hi')  =  [j(j  +  i)(2j  4  1)]’''*  «(),  i')  (10-31) 


For  the  spherical  harmonics,  we  have 


(-f.  IIYl  IKO  .(-1)^[^(H.>,,1)(2,.Iu.1)(2,4>  1)  Q  0  o) 


=  (-l)«-'^ 


(2-et  1)(2L  t  l)(2-eM) 


4  tr  (  -t  ^  L  4  -t'  4  1) 


[(. 


(10-32) 


2gV  2  1 

21  hg -2i 


where  g=('t  +  L4  •I')  /2  must  be  an  integer. 


1 
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11.  IRREDUCIBLE  TENSOR  OPERATORS 

The  concepts  and  results  of  the  previous  section  may  be  easily  generalized  to  groups 
of  symmetry  other  than  spherical.  We  shall  consider  groups  of  unitary  operators  and,  as 
usual,  we  will  assume  that  the  matrices  of  the  irreducible  representations  are  chosen  to  be 
unitary.* 

Consider  a  set  of  operators  where  fi  assumes  d^  different  values,  which  under 

the  operations  R  of  the  group  transform  always  into  linear  combinations  of  themselves,  in  the 
form  given  by  Eq.  (3-7) 


p^y^fyXjRly^x)  (11.  1) 

The  matrices  with  elements  (yXjRjyft)  afford  a  representation  of  the  group.  If  this  repre* 
sentation  is  irreducible,  the  set  of  Ay  operators  is  said  to  constitute  an  irreducible  t£os<or 
operator  T^^^  belonging  to  the  irreducible  representation  T  of  the  group.  The  individual 
operators  T^^^  are  designated  as  the  components  of  T^^\  and  in  particular  is  said  to 
belong  to  the  X-th  row  of  the  representation.  As  in  the  case  of  the  basis  functions,  this 
definition  is  made  in  reference  to  a  particular  matrix  representation.  In  what  follows,  we 
shall  assume  that  the  tensor  components  and  the  basis  functions  jyg)  transform  under 
the  group  operations  by  the  same  representation  matrices,  so  that 

Rjayp)  --  2  |ayX)  (yXlRlyg)  (11*2) 

In  virtue  of  the  analogy  between  Eqs,  (11-1)  and  (11*2),  the  algebra  of  tensor  operators 
may  be  developed  along  similar  lines  to  that  of  the  basis  functions. 


In  Section  10,  irreducible  spherical  tensors  have  been  introduced  by  way  of  the  operators  corresponding 
to  the  spherical  harmonica  Yj^,  and  the  notation  tJJ  was  used  to  preserve  the  analogy.  From  now  on  we 
shall  follow  the  most  prey^ent  notation  in  the  literature  of  tensor  operators.  In  thia  notation  the  previous 
will  be  written  as  Ty  L 


I 


1 
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PROjnCTION  T R AN SPO R MATIG N S 

By  analogy  with  the  definitions  of  "projection  operators"  we  may  now  define  "projection 
transformations’’  or  "step  transformations’’,  whicli  act  on  the  components  of  tensor  operators 
in  a  corresponding  fashioni  By  multiplying  both  sides  of  F,q,  (11-1)  by  (y^'lRjy '/i')*dy>/h 
and  adding  over  all  the  group  operations,  we  obtain 


^  S  (y’X'lR|y',,')*R  R-l 


r.^y)  ^ 


ri  H 


1  S(X',A)  «(y'y)  ,S(,iV) 

A 


=  Sfy'y)  <'5(;(',/i)  ^ 


(11-3) 


where  we  have  made  use  of  the  ortliogoiiality  relations,  Eq.  (3-13). 

The  transformation  analog  of  the  expression  (d-ld)  for  the  projection  operators  may  be 
written  symbolically  as 


^  ^  S  (yXjRlyp)*  Rj  |R*1 


(11-4) 


where  the  operator  expression  R|  |R**  on  (be  right-hand  side  has  been  written  in  that  form 
to  indicate  tliat  it  acts  on  an  operator  T  by  means  of  a  similarity  transformation  RTR'*. 


The  analogs  of  Eqs,  (4-9)  and  (4-10)  are 


O^y)  ^^(y')  ^  ^(y) 


(11-5) 


(11-6) 


The  will  be  designated  as  "projection  transformations’’  or  "step  transformations". 

The  decomposition  of  reducible  operators  into  irreducible  tensor  operators  follows 
along  the  same  lines  as  for  basis  functions. 
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THE  ADJOINT  OF  4  TENSOR  OPERATOR 

The  transformation  properties  of  the  adjoint  of  a  tensor  operator  may  be  obtained 
from  Eq.  (11-1).  Since  the  R  are  unitary,  we  obtain 

R  *  R-l  ==  S  (yXjRly,,)*  (11-7) 

A 

and  therefore  belongs  to  the  complex  conjugate  representation  T*. 

For  the  most  important  groups  that  we  shall  consider,  (he  representations  afforded  by 
the  matrices  D(R)  and  D(R)*  arc  equivalent 


CD(R)C‘‘  =  D(R)* 


(11-8) 


and  is  self-adjoint.  The  relation  between  the  components  of  is,  according 

to  Eqs.  (3-^)  and  (3-5) 


^YE'\C\yp) 

In  spherical  basis,  the  matrix  elements  of  C  may  be  taken  as  (Ref.  1,  p.  2B8) 
(JM'jCl  JM)  =  (-1)^“'''  S(M',-M) 
apart  from  a  common  arbitrary  phase  factor,  and  therefore 

T^/^=(-1)^-^t”>^ 

tO)^  ^  ,  jJ  +  M  T^(J) 

M  '  ’  -M 


(11-9) 


(11-10) 


(11-11) 


However,  the  definition  introduced  by  Racah®,  which  is  the  one  most  widely  followed 
in  the  literature,  is  instead 


^(K)  ♦ 


(_1)Q  q-tlO 


(11-12) 


which  follows  the  conventions  in  the  usual  definition  of  the  spherical  harmonics  (Cf.  Eq.  10-10). 
We  also  follow  this  definition  in  the  present  work  when  dealing  with  sperical  tensors. 
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COUPLING  OF  IRREDUCIBLE  TENSORS 


Two  tensor  operators  transforming  under  the  operations  of  the  group  according  to  the  • 
same  representation  matrices  may  be  added  to  give  another  tensor  operator  with  the  same 
transformation  properties.  This  follows  from  the  linear  nature  of  Eq,  (11*1), 

As  in  the  case  of  the  basis  functions,  two  irreducible  tensor  operators  and 

may  be  coupled  to  give  tensor  operators  belonging  to  the  different  irreducible  represen¬ 
tations  contained  in  the  direct  product  Tj  x  Fj.  The  coupling  expressions  are  analogous  to 
Hqs.  (8-40)  and  (8-41) 

^iay)  ^  ^  ^(y,)  ^(y^)  )  (11.13) 

^  ,r„H2  '»  ^2 

T^y2^  =  2  172^2)  (11-14) 

Fl  ayn 


where  the  coupling  coefficients  are  the  same  as  for  the  basis  functions.  This  is  easily  proved, 
since  by  use  of  Eq.  (11-5)  the  derivation  given  in  Section  8,  Eqs.  (8-45)  to  (8-52)  may  be  re¬ 
produced  with  the  projection  transformation  acting  on  the  operator  product  ' 

The  coupling  of  two  tensor  operators  and  ^  which  transform  according  to 
complex  conjugate  representations  gives,  besides  others,  a  tensor  which  is  invariant  under 
the  operations  of  the  group.  The  coupling  coefficients  for  this  case  may  be  obtained  very 
easily  from  Eq.  (8-48)  taking  into  account  the  orthogonality  relations  for  the  (yft'jRly/i)  and 
the  fact  that  for  the  identical  representation  A,  the  matrix  elements  are 

(A01R1AO)  =  1  (11-15) 

For  the  non-vanishing  coupling  coefficients  F,q.  (8-48)  gives 

(yn7/i  1  AO)  (ynV(^'|A0)*  =  -i—  (11-16) 

where  the  labels  y  and  y  are  used  for  complex  conjugate  representations.  We  can  write 

(y(iyfi|A0)  =  e”^/ (11-17) 
where  e“^  is  an  arbitrary  phase  factor. 
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(11-18) 


GENERAL  FORMULATION  OF  THE  WIGNER-ECKART  THEOREM 

We  shall  now  consider  the  factorization  of  the  matrix  elements  of  the  components  of 
tensor  operators  between  basis  functions  classified  according  to  the  irreducible  representa¬ 
tions  of  the  group. 

13y  means  of  Eqs.  (11-1)  and  (11-2)  a  typical  matrix  element  may  be  expressed  as 
follows 

(“3y3(i3  =  (“3y3f‘^|R’*i^ 

=  (Ra3yj/t3|RT^y^R*‘|Ra,yiPj) 

=  S  (“3y3^3lT^^^|ajy,Aj)(y,AjlRlyi(ii)(yAlRlyp)(yjX3lR|y3;ij)* 

Xj,X,X3 

(11-21) 

Adding  over  all  the  group  operations  and  dividing  by  t  we  get 
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0 


(a 


T-Cy) 


3>'3'^3  ■  li 
h  Xj,A,Xj 


Ojyi/ij) 


^  s  (0373^31  S  (yiXilRlyi/i,)(yXlR|y/t)(y3XjlRlyjf43)* 


(11-22) 


The  sum  over  R  on  the  right-hand  side  may  be  expressed  in  terms  of  products  of  coupling 
coefficients  by  means  of  Eqs.  (8-48)  or  (8-52).  If  the  irreducible  representation  r3,  of  dimen¬ 
sion  d3,  is  contained  03  times  in  the  product  x  P,  we  have 

(a3y3Ji3l  = 

S  (njy3X3|T^^^  l«iyi^l)  ^  (y  l^iy4|/ly  3X3)  (y  ,y;rl/5y3fi3)* 

Ai.X,43  ft 


=  S  {Y^^l^Yn\fty^|^{>*  1  (yi^iy^l/5y343)(a3y3X3lT|’'^  lajyjXi) 


(11-23) 


The  summations  over  Xj,  X,  and  Xj  on  the  right-hand  side  are  obviously  independent  of 
the  indices  labelling  tlie  rows  of  the  representations.  'Ve  shall  write  them  in  the  form 

^«3y3  1 1  1 1  ojyj)  = 


X  \x  >7^  ^>'i^iy^l^y3^3^ ^“3)'3^3l'rA^Viyi^i) 


(11-24) 


and  they  ate  usually  designated  as  the  "reduced  matrix  elements".  With  this  definition 
Eq,  (11-23)  may  now  be  written 

=  S  -7^  (yj(riypl/*y3fi3)*  (a3y3  1  1  1  a,y,) 

^  ft 
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If  the  product  I'j  x  1'  roiitains  the  representation  Pj  only  once  the  expression  of  the 
Wignet'Eckart  theorem  takes  the  simpler  form 

1/1/1 1>  ’ 

=  (/l/tiy/'IVr/'O*  ^"3X3!' 


=  (y3;<3ly  i/'iy/'HajXjll  ilujy,) 


(11-26) 


Similarly  the  expression  for  the  reduced  matrix  elements,  Eq.  (11-24)  also  takes  a 
simpler  form,  where  the  index  p  does  not  appear.  It  may  be  mentioned  that  the  summation 
over  one  of  the  indices  may  be  replaced  by  multiplication  by  the  dimension  of  the  corre¬ 
sponding  representai  ion. 

It  may  be  woriliwhile  pointing  out  that  Eq.  (11-25)  can  always  be  cast  into  the  form 
of  Eq.  (11-26),  but  this  amounts  essentially  to  a  new  definition  of  the  coupling  coefficients 
by  tlie  condition  that  the  reduced  matrix  elements  of  the  tensor  operator  in  question  should 
vanish  for  all  but  one  value  of  the  index  p. 

The  Wigncr-Eckart  theorem  forms  the  basis  for  tlie  symmetry  selection  rules.  The 
theorem  concerning  the  matrix  elements  of  symmetric  operators,  Eq.  (3-19),  is  also  a 
particular  case. 


The  corresponding  rule  for  non  totally  symmetric  operators  may  now  be  enunciated 
as  follows;  The  matrix  elements  of  the  type  (n3y3/r3l  T^^^ !« l/ pt  j)  vanish  if  the  corre¬ 
sponding  coupling  coefficients  (y  i/i]y/rly3;r3)  are  zero.  In  addition,  if  the  representation 
product  Pj  X  P  does  not  contain  the  Pj  representation,  these  matrix  elements  vanish  for 
all  values  of  /t,  /ij,  and  /ly 


It  should  be  kept  in  mind  that  this  is  only  a  sufficient,  but  not  necessary  condition, 
since  the  matrix  elements  may  vanish  because  the  reduced  matrix  element  is  zero.  Thus, 
for  example,  the  matrix  elements  of  the  spherical  harmonics  (  41.  mi  't'm ')  vanish  for 
'?•+  L  +  -t'  odd,  although  the  coupling  coefficients  for  the  corresponding  representations  of 
o  Rj  are  not  zero,  in  general.  In  this  example  the  reason  for  the  vanishing  of  the  reduced 
matrix  elements  in  question  may  be  traced  to  still  another  symmetry  requirement,  namely 
the  parity  selection  rules,  which  are  obtained  from  the  consideration  of  the  inversion 
symmetry  of  the  basis  functions  and  operators. 
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A.S  in  previous  instances,  it  is  convenient  to  point  out  tlie  differences  v/itli  other 
definitions  in  the  literature,  which  are  not  always  equivalent.  Our  definition  of  tensor 
operators,  Eq,  (11-1)  agrees  with  those  followed  by  Rosc^,  Edmonds^,  and  Racah®.  How¬ 
ever,  Wigner’s  original  definition  (Ref.  1,  p.  244,  Eq.  21.16c)  is  not  equivalent  to  Eq,  (11-1), 
but  is  rather 

R"'  =  S  T^y^yXIRlVft)*  (11-27) 

R  \  X 


and  therefore  the  tensor  components  are  the  adjoints  of  those  defined  by  Eq,  (11-1), 

Ironically  enough,  out  expression  the  the  Wigner-Eckart  theorem  is  not  therefore 
equivalent  to  VHgner's  since  this  leads  to  the  following 

(«3y3n  lloiy,)  (11-28) 


instead  of  Eq.  (11-26). 

For  the  general  case,  the  definition  adopted  by  Roster^  is  effectively  the  same  as 
Eq.  (11*1),  In  Ref.  7,  the  equation  (4)  defining  the  transformation  of  the  tensor  components 
appears  to  be  incorrect,  but  in  the  subsequent  derivation  it  is  actually  the  equivalent  of 
Eq,  (11-1)  that  is  used.  The  final  expression  is  also  equivalent  to  Eq,  (11-25)  although  the 
resemblance  is  obscured  by  the  introduction  of  the  conjugate  repreficntations  Pj*  and  P*. 
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12.  6-J  COEFFICIENTS  AND  REDUCED  MATRIX 
ELEMENTS  IN  COUPLED  SCHEMES 


THE  COUPLING  OP  THREE  ANGULAR  MOMENTA 

The  coupling  of  three  angular  momenta  j  j  j,  and  j  to  give  states  with  definite 
total  angular  momentum  J  may  be  carried  out  in  essentially  two  different  ways.  One  may 
first  couple  jj  and  to  obtain  states  characterized  by  an  ''intermediate”  jj2(  and  then 
couple  these  to  j  j  to  give  final  states  with  definite  total  J.  Alternatively,  one  may  couple 
jj  to  the  intermediate  123  states  obtained  by  coupling  jj  and  13. 

The  expression  for  the  resultant  states  for  a  given  value  of  J  is  in  the  first  case 

Ki  li  2^  1  2’i  3’J  ^  li  12’”  12^1  3”'35  (j  12  2)  3*'^  3IJ  “ 

m3 

1  |i^m^)  1)21112)  li3mj)(j  li  1 2'”  12)  0  1 2"' pi  3”’3lJ 

rn  J 

The  IJM)  functions  obtained  in  the  second  case  are 

1)  p  (i  2)  3^  i  2  3'  J  ^  li  l^l)  li  23‘’’2  3^  0  1**'  li  2  3''’23l  J  “ 

^  li  i'll)  I)2"'2)  Ii3''’3)(i2'"2i3"’3li23'"23)0  l'"  l)  23*"  23I J  (^2-2) 

J 

The  two  sets  of  IJM)  functions  for  a  given  value  of  J  obtained  according  to  these 
two  schemes  arc  not  identical,  but  are  linearly  related  to  one  another.  They  constitute  two 
equivalent  representations  which  are  related  by  a  unitary  transformation. 

li  1*  (i  2!  3^1 2 3’J ”  “  Ui  li 2^i  i2'i  3>J  ^^i  li  2^1  i2’i  3’ J  li  i»*i 2! 3^1 23'J)  (12-3) 

>12 

The  expression  for  the  transformation  coefficients  is  obtained  by  taking  the  Hermitian 
scalar  product  of  the  functions  in  Eqs.  (12‘1)  and  (12-2) 

((i  li  2)i  i2’i  3’ J I  i  i>(i  2!  3^  i23*3i  ~ 

2  (JMlii2mj2i3m3)(ji2mi2ljimij2m2)  x  (i  2"'2i3"'3li23"’23)  (il'"li23'^23lJ  (^2-4) 

nSfinj 
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THE  6-i  COEFFICIENTS 

A  more  convenient  and  symmetrical  form  of  these  transformation  coefficients  is 
afforded  by  Wigner’s  6-j  coefficients,  defined  by 


h  12  h2 
jj  J  123 

The  6-j  symbol  is  invariant  against  any  interchange  of  columns  or  the  interchange 
of  the  upper  and  lower  indices  of  any  two  columns.  For  example 


f-  n’l+'2+'i3+J 

/  -  (fi  li2^il2>i3’J  I  i !)()  2)  3^  i23'J)  (12-5) 

v(2ji2+l)  (2)23+1) 


jil  12 


is)  Vi  h 

k 3)  { k3  k2 


(12-6) 


These  and  other  symmetry  relations  will  be  consider  in  more  detail  in  the  Appendix 
dealing  with  symmetrized  coupling  coefficients. 

The  general  expression  for  the  6-j  symbol  has  been  given  by  Racah®.  It  may  be  written 
in  the  form 


ii  h  h 


ki  k2  kji 


^>1)2)3^ 

(f  3)  (1^  J  2^  3^  2)  3^ 


z  +  1 


)l+l2-J3 


Jl+)2  +  i3  +  V  Vf  +  j2  +  kj  +  k2-2'^ 
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jl  +  i3  +  ki  +  k3-Z 


(12-7) 


where  the  factors  in  the  summation  are  binomial  coefficients,  while  the  symbols  (abc)  are 
given  by 

(a  b  c)  =  - b  ^  c  +  1) ! -  (J2-8) 

( -  a  +  b  +  c) !  (a  -  b  +  c)  1  (a  +  b  -  c) ! 


and  are  thus  closely  related  to  the  trinomial  coefficients.  The  index  z  runs  over  all  the 
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positive  integral  values  such  that  n  r  >  0  for  every  binominal  coefficient  (”)  in  the  sum. 

The  6-j  coefficients  vanish  for  those  sets  of  values  of  the  arguments  for  which  any 
of  the  (a  b  c)  does  not  satisfy  the  triangular  condition. 

The  6-j  coefficients  play  an  important  role  in  the  expressions  relating  reduced  matrix 
elements  of  spherical  tensor  operators  in  different  coupling  schemes. 

The  numerical  values  of  6-j  symbols  required  in  our  work  have  been  obtained  by  means 
of  a  program  for  the  IBM  electronic  computet,  to  which  we  make  reference  in  the  Tables. 


REDUCED  MATRIX  ELEMENTS  IN  COUPLED  SCHEMES 

In  practical  applications,  it  is  often  necessary  to  determine  the  matrix  elements  of 
operators  which  are  obtained  from  others  by  the  coupling  schemes  previously  discussed. 
Similarly,  it  is  also  often  convenient  to  choose  a  system  of  basis  functions  resulting  from 
the  coupling  of  functions  of  other  bases. 

In  this  respect,  there  are  a  number  of  important  results  relating  the  reduced  matrix 
elements  in  the  different  schemes. 


COUPLED  TENSOHS  IN  COMMON  OASIS 


,(k,) 


Let  us  consider  two  irreducible  spherical  tensors  T'  ^  and  T'  which  operate  on 
the  same  set  of  basis  functions.  We  shall  derive  an  expression  for  the  reduced  matrix  elements 
of  the  coupled  tensor 


•(k) 


=  X 
'll 


(k.)  (k?) 


(12-9) 


in  the  same  set  of  basis  functions  in  terms  of  the  reduced  matrix  elements  of  the  individual 
tensor  operators. 

The  reduced  matrix  elements  of  are  given  by 


(ajll  T^'‘>lla'j')  =/2j+l  Ji/a,mlT^'‘’la'j'm')(j'm'kqljm)  (12-10) 

which  is  a  particular  case  of  Eq.  (11-24)  after  the  sum  over  m  is  carried  out. 

The  matrix  elements  appearing  on  the  right-hand  side  may  be  expressed  in  terms 
of  those  for  and  by  means  of  Eq.  (12-9) 
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(a  j  ml  T^''V =  X  (kiqik2q2lkq)  ^ 

^  *1^2 

^;(k^qlk2q2|kq)  £  (a  j  mlT^'^  " j  "m  ")  (<t  "j  "m  " |T^'‘ ^  V  1 '^  ')  (12-11) 

qj  'll  ^2 


The  reduced  matrix  elements  of  and  may  now  be  introduced  by  use  of 

the  Wigner-Eckart  theorem 


a  i 


')  (a' 


ii  ^  - (k  iq  ik  jqjlkq)  (j  "m  "k  jq  j  1  jm)  ( j 'm  '  k  jqjl )  "'h  ")  ( 12-2) 

‘•r"  y(2j+l)  (2j  "+  1) 

When  this  is  introduced  in  Eq.  (12-10)  a  summation  over  products  of  four  coupling 
coefficients  appears  on  the  right-hand  side,  which  may  be  expressed  in  terms  of  a  (r]  coef¬ 
ficient 


—  X  (i'm'kql)m)(k,qjk2q2l  I<q)(j"m"k^qi|jm)(j'm'k2q2l  j"'n'0 

y2j"+  1  m'm"qi 


(_l)'+‘=+i'  y/2k  +  l  j 


i  k  r 

k,  r  ki 


(12-13) 


4  -r''‘2l  • 
and  T  IS 


The  final  expression  relating  the  reduced  matrix  elements  of  T^''^  to  those  of  T  ^ 


(°ill  ') 


(-1)*^''^''  y2k+l  S  («jl|T^'‘^’lla"i")(a"i"|lT'‘'2'||a'i')  j 

n"i "  ( 


(kl). 


.(1^2), 


a  ) 


i  k  j' 

kj  i"kl. 

(12-14) 
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TCiNSORS  IN  COUPLED  EASES 

It  is  also  of  interest  to  derive  expressions  for  the  reduced  matrix  elements  of  tensors 
and  which  operate  on  different  sets  of  basis  functions  lajjjmj)  and  Ia2i2"i2)» 

respectively,  in  a  basis  |aj  M)  obtained  by  coupling  basis  functions  of  both  sets,  in  terms 
of  the  reduced  matrix  elements  of  and  T  ^  in  their  respective  bases. 

The  simplest  case  to  consider  is  that  of  an  operator  which  acts  only  on  the  functions 
or  Ia2i2'’'2)‘  derivations  at  this  point,  and  just  quote  the  results. 

(a  ill  2.  J  II  S‘'‘'’l|n');j;,.l')  = 


ii+ia+J  '^'‘1 


(2J  +  l)(2r+l)  (ailll  5''‘i^|«t'j')S(j2,j2')  ]■  ‘  [  (12-15) 

n;  j2  ii> 


J  ki  J' 


Similarly,  for  T 


(aiii2.JIIT*'‘'^l°')Ii^J')  - 


_ /J  k  J ') 

1)  il'+  i2  2  y(2j  i)  (2J  '+!)(„  jj  II  '^1  a  'j ')  S(j  p  j  { )  '  (12-16) 


2  'I  >2 


Another  important  case  is  that  of  the  scalar  product  of  two  such  tensors.  We  shall 


write  k  =  k  ^  =  kj. 


(«iij2.  ill 


/  i  V  \ 

(-1)*1"‘2+)  j'j  ’'j  s  (uijil|S(''Ml«"i;)(«"i2llT<'‘M|a'i2) 

^2  ]  h’ 

(12-17) 


The  general  case  of  the  tensor  product  of  and  involves  the  9-j 


symbols 


12-5 


(«)l)2J  =  7(2]  +  1)(2K  +  1)  (2J'+  1) 


>1  '«1  ii 

X  S  (ajillS^‘'l^|a"i')(a"j2llT^‘‘2^1«'i;>  J  K  J' 

)  2  ^2  h 


(12-18) 


The  9-i  symbols  are  related  to  the  transformation  coefficients  between  two  coupling 
schemes  of  four  angular  momentum  vectors 


h  12  h2 
13  l-f  134 

)l3  >24  j 


^  li  2 Ij  1 2» <i  31 4!)  3 4>i  I  <i  li  3  1 3>  0  2!  4li  2  4»  l) 
y(2ji2  +  0(2)34+  1)(2)i3  +  l)(2j24+l) 


(12-19) 


They  may  be  expressed  as  a  summation  over  products  of  six  3-j  coefficients,  and 
also  as  a  summation  over  products  of  three  6-j  coefficients^,  in  the  form 


In  1 12  I13 
>21  122  >23 
131  >32  133 


=  2  (-l)"''(2X-h  1) 
A 


121  131, 

|il2  122 

132  , 

iil3  )23 

^33 

II32 

133  ^ 

(121  ^ 

>23 

h  in 

1  12 

(12-20) 


12-6 


13.  UNIT  TENSOR  OPERATORS  IN  SPHERICAL  BASIS 


From  the  V/igner-Eckart  theorem  it  follows  that  operators  may  be  defined  by  specifying 
the  values  of  their  reduced  matrix  elements.  This  is  a  convenient  form  of  definition  for  many 
different  types  of  operators  such  as  raising,  lowering,  coupling,  etc. 

Of  particular  interest  are  the  unit  tensor  operators  ^  of  Racah®,  which  play  an 
important  role  in  the  treatment  of  the  several-electron  problem.  In  a  later  Section  we  shall 
consider  their  relation  to  the  infinitesimal  operators  of  the  rotation  groups  in  several 
dimensions.  At  present  we  shall  consider  the  one-electron  case  and  show  how  the  u^  can 
be  related  to  the  familiarangularmomentumoperators  and  to  the  coordinate  operators  in 
spherical  basis. 

The  unit  tensor  operators  are  defined  by  the  condition  that  their  reduced  matrix 
elements  are  unity  between  states  with  the  same  aj,  and  zero  otherwise 

(n'j'll  «j)=  S(i',i)Ma',a)  (13*1) 

Their  matrix  elements  are  therefore  (omitting  the  index  a) 

Ijm)  =(2j  +  (jm  kqljm')  =  /  M  (13-2) 

s  ^m  q  my 

In  virtue  of  the  Wigner-Eckart  theorem,  the  matrix  elements  of  a  tensor  operator  T^**^ 

in  spherical  basis  between  the  same  states  are  proportional  to  those  of  the  constant 

(k) 

of  proportionality  being  the  reduced  matrix  element  of  T 

(in''lTj‘‘’|jm)  =  (j|l  T''‘Mli)(im'|uf^‘‘)  Ijm)  (13-3) 

For  a  given  basis,  characterized  by  a  certain  value  of  j,  the  operators  for  k>2j 
are  identically  zero,  since  the  corresponding  coupling  coefficients  vanish. 

According  to  Eq.  (13-2)  the  non-vanishing  matrix  elements  of  arc  along  the  q-th 
parallel  to  the  main  diagonal.  Moreover,  for  a  given  value  of  q,  the  matrix  elements  of 
operators  with  different Jc  values  satisfy  the  following  orthogonality  relations 

X  (j,  m  +  q  1  u^**^  Ijm)  (j,  m  +  q  ]  u^*'  ^  j  jm)  *  ^  (13-4) 

">  <1  1  2k  +  1 
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In  order  to  illustrate  these  facts,  we  reproduce  in  Table  13-1  the  matrices  for  the 
non-vanishing  u^*'^  operators  in  the  space  of  the  basis  functions  for  j  =  1. 


TAULU  13-1 


u 


(0) 

0 


1 

0 

0 


0  0 
1  0 
0  1 


0 

-1 

0 

1 

0 

0 

0 

0  0 

0 

0 

-1 

0 

0 

0 

1 

0  0 

0 

0 

0 

0 

0 

-1 

0 

1  0 

vru(|) 

y/T  ul2^ 

0  0  1 

0  0  0 

0  0  0 

0-10 

0  0  1 

0  0  0 

y? 

1  0  0 

0-2  0 

0  0  1 

y?' 

0  n  0 

1  0  0 

0-10 

0  0  0 

0  0  0 

1  0  0 

Any  (3  X  3)  matrix  may  be  expressed  as  a  linear  combination  of  these  nine  matrices. 
It  may  also  be  noticed  that  the  |jm)  for  j  =  1  are  eigenfunctions  of  u^^,  and  , 
which  are  therefore  a  complete  set  of  commuting  operators  in  that  particular  space. 

The  matrix  elements  of  u^’‘^  for  a  given  q  may  be  considered  as  the  components  of  a 
vectq,r  in  2j  +  1  -  |ql  dimensions.  The  number  of  such  vectors  corresponding  to  the  several 
possible  values  of  k_  is  also  2j  +  1  -  |ql,  and  according  to  Eq.  (13-4)  these  vectors  are 
orthogonal.  They  will  be  also  otthonorraal  if  we  choose  to  consider  the  operators 
V2k  +  1  rr  v^q\  which  in  this  as  well  as  other  respects  are  more  convenient  than  the 
Any  matrix  in  2)  +  1  dimensions  containing  elements  only  along  the  q*th  parallel 
to  the  main  diagonal  may  be  expressed  in  terns  of  the  above  vectors. 
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I 

I 

I 

1 

I 

I 

I 

I 

1 

I 

1 

I 

I 

1 

I 

I 

I 

I 


In  the  sub-space  of  the  2j  +  1  basis  functions  associated  with  a  given  value  of  j,  the 
(2)  +  1)^  operators  for  k  <  2j  form  a  complete  set.  Within  that  sub-space  any  operator  T 
may  be  expanded  in  terms  of  the  basic  set 


2i 

T=  S 

k  =  0 


k 

S 

q=-k 


(13-5) 


Tlie  matrix  elements  of  T  are  given  by 


(j,  m  +  q  jTljm)  -  ^  “kq  *1 1  “'q  ^  ^ (13-6) 

The  coefficients  are  easily  obtained  by  multiplying  both  sides  by  (j)  m  +  qlu^^J'  'jjm), 
adding  over  all  m’s  and  introducing  on  the  right  hand  side  the  orthogonality  relations  (13*4). 
One  obtains, 


a,  =  (2k  +1)2  (j,  m+qju'q^  ljm)(j,  m+qlTljm)  (13-7) 

In  general,  the  coefficients  need  not  be  independent  of  q.  If  they  are,  tiie  operator 
T  is  a  sum  of  irreducible  tensor  operators  and  the  coefficients  are  the  corresponding 
reduced  matrix  elements.  The  operators  we  shall  have  to  consider  are  usually  of  this  type. 

RELATION  BETWEEN  TIIEu^^^  AND  THE  ANCVLAR  MOMENTUM  OPERATORS 
The  operators  act  on  the  basis  functions  as  follows 

u^q^  1  jm)  =  Ij,  m  I  q)  (2j  i  1)  (jrn  kq  j  j,  m  +  q)  (13-8) 

This  immediately  suggests  that  they  should  be  expressible  in  terms  of  the  angular  momentum 
operators  and  J^.  In  particular,  they  may  be  conveniently  written  as  a  product  of 

the  q-th  power  of  the  m-raising  operator  (or  J_  for  negative  q)  and  another  operator  diagonal 
in  this  representation,  which  should  therefore  be  a  function  of  only  J  j,  J^,  and  the  unit  operator. 
We  shall  write  (for  q  ^  0) 

“^q^  =0+)''  fkq(J^  Ja) 
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The  operator  acts  on  the  basis  functions  according  to  the  well  known  expression 


=-■  li.  mtq) 


(i-m)!  (i  t-m-rq) ! 
(j  -m~q)  !  (j  +  ni)! 


=  li.  m+q)  f  ^  (j,  m,  q) 


(13-10) 


while  the  eigenvalues  of  the  diagonal  operator  fjjqfJ^i  J  2)  ate  given  by  the  same  function 
fjjq  of  the  eigenvalues  of  and  J^, 

1)'"^=  li"')  fkq  ()(i'  l).  ni)  (13-11) 


The  explicit  form  of  fj^^  is  most  easily  determined  from  the  known  expression  for  the 
coupling  coefficients  and  the  equation  obtained  by  introducing  Eqs.  (13-9),  (13-10)  and 
(13-11)  into  (13-8),  that  is 


(j  mkq  I  j,  m  +  q)  =  f^(j,in,q)  f,,q  (j  (j  +  1),  m) 


(13-12) 


The  expression  for  the  coupling  coefficients  may  be  written  in  the  form 

(jtnkql),  m  +  q)  = 

(i-m)!  (i4mtq)! 

(j-m-q)l  (j  t-m)! 

X  2  (-1)^^'*  r  (i  +  m)l  (i-m-q)l _ 

A  \xj  \k-q-X/  (j  +  m-A)!  (j-m-ktA)l 


(2i-k)!  (ktq)l  (k-q)l 


(2j  vk  +  l)l  kl  kl 


'/2 


(13-13) 


The  first  factor  on  the  right  hand  side  may  be  recognized  as  f^,  the  remaining  ones 
correspond  to  The  summation  is  a  polynomial  in_[and_m  (of  degree  k-q)  which  can  be 
rewritten  in  terms  of  )()  +  !)  and  m.  These  may  then  be  replaced  by  and  J  respectively 
to  yield  the  expression  for  the  operator  fjj^  (J^,  J ,,). 

The  expressions  for  the  operators  for  k  =  0,  1,  and  2  are  given  in  Table  13-2, 
Actually,  it  is  more  convenient  for  this  purpose  to  express  the  operators  in  a  form 
slightly  different  from  Eq.  (13-9),  namely 

Jr.)  y(2i-k)!/(2i  +  k  +  l)!  (13-14) 
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I 

I 


TABLE  13*2 

UNIT  TENSOR  OPERATORS.  SPHERICAL  BASIS 

”  (J+)''  y  (2j  -  k)!/(2j  +  k  +  1)! 


k 


q 


/2l 

2J. 

/2] 


y^j+ 

^^’K(2J,+  1) 

2(3J^  -  J^) 

Z 

76J-(2J,-  1) 

The  operators  for  k  6  are  given  in  Table  13*3‘ 

TABLE  13-3 

UNIT  TENSOR  OPERATORS  u^'‘’  SPHERICAL  BASIS 

o 

=  Pko(J^Jz)  y(2j-k)!/(2j  +  k+  1)7 

k _ Fko(J^J.) _  ' 

0  1 

1  2J, 

2  2(3J^  -  J^) 

z 

3  -  3J'  +  1) 

4  2(35  J^  -  30J^^J^  +  3J‘‘  +  25J^  -  6J^) 

5  ~  +  ^5J‘‘  +  105jJ  -  50J^  +  12) 

6  4(231J^^-315J^^J2  +  105J^^J'‘-5J'^  +  735J^^-525J¥  +  40J^+294P-(50J^ 
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relation  with  the 


The  relation  between  other  operators  in  spherical  basis  and  the  may  be  established 

along  similar  lines.  According  to  Eq.  (13*3)  the  matrix  elements  of  tensor  operators  between 
basis  functions  of  the  same  j  may  be  expressed  in  terms  of  those  for  the  ^ , 

Thus,  for  example,  for  the  matrix  elements  of  the  operators  corresponding  to  the 
spherical  harmonics,  we  liave 


(jm'  I  I )'«)  “  (jm'l  1  jm)  (j  11  11  j) 


(13-15) 


where  the  reduced  matrix  elements  are  given  by 

M 


(ill  Y(’  Ml ))  =  (-!)* 


21^  (21  .1)  fi  ^ 

_  4n  J  ’  '  \^0  0  0^ 


(13-16) 


It  may  be  pointed  out,  however,  that  the  correspondence  between  the  and  the 

u^^  is  of  a  more  restricted  nature  than  in  the  case  of  the  angular  momentum  operators. 
On  the  one  hand,  the  have  non»zero  matrix  elements  between  states  with  different  j 
values  (satisfying  the  triangular  condition),  while  the  u^^  do  not,  by  definition.  Thus, 
although  one  may  write 


=  u<L)(j||  111)  (13-17) 

this  proportionality  relation  is  only  valid  within  sub-spaces  with  fixed  j-values.  On  the  other 
hand,  the  proportionality  factors  (j  H  Y^*-!!!))  also  vanish  (or  L  odd  (assuming  ^  integral), 
and  therefore  the  u^^l  cannot  always  be  expressed  in  terms  of  the  Y^J-^  unlike  the  case  of 
the  angular  momentum  operators. 
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14.  THE  BASIS  FUNCTIONS  FOR  N-ELECTRON  SYSTEMS 


THE  INDEPENDENT  PARTICLE  REPRESENTATION 

ANTISYMMETRIC  BASIS  FUNCTIONS 

The  simplest  type  of  basis  functions  in  the  N-electron  case  are  the  products  of  N  one- 
electron  basis  functions.  These  may  be  considered  as  the  eigenfunctions  of  a  Hamiltonian 
of  the  form 

11  -  S  Hj  (H-1) 

i  1 

which  corresponds  to  a  system  of  non-interacting  particles.  The  one-electron  basis  functions 
jalj  for  the  i-th  electron  are  the  eigenfunctions  of  11. 

ll|la)i  -  l«)i  K.  (ld-2) 

while  the  N-electron  product  functions  satisfy 

H  |a)j  Ib).^ - Iq)^  =  la),  |b)2 - lq)N  (E„  +  Eb  + . . .  +  E q)  (14-3) 

and  the  energies  are  additive,  as  it  corresponds  to  a  system  of  non-interacting  particles. 

Since  the  Hamiltonian  is  a  symmetric  function  of  the  coordinates  of  the  electrons,  it 
follows  that  the  NI  product  functions  obtained  from  ja),  lb)2..  •  Iq),^  by  permutation  of 
electron  indices  all  correspond  to  the  same  value  of  the  energy,  E  =  E,  +  E,,. ..  +  E^, 

This  degeneracy  does  not  occur  in  a  physical  N-electron  system,  since  the  Exclusion 
Principle  asserts  that  the  only  states  which  are  allowed  are  those  whose  eigenfunctions 
are  antisymmetric  under  a  permutation  of  any  two  electrons. 

For  every  set  of  N  different  one-electron  basis  functions  there  is  only  one  antisymmetric 
linear  combination  of  product  functions,  namely  the  Slater  determinant 

la) i  la)2 .  la)N 

lb) i  lb)2 . lb),, 


I'lh  N)2 . I^IIn 


(14-4) 
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We  shall  designate  the  N-electron  product  functions  in  the  form 


|ab  ...q)=-.  la),  lb)2  ...  Iq);^  (14-5) 

and  use  the  notation  [ab  . . .  ql  for  the  corresponding  determinantal  wave  functions. 

The  phases  of  the  N-electron  product  functions  are  usually  taken  to  be  unity,  irre¬ 
spective  of  the  order  of  their  factors.  When  forming  the  antisymmetric  linear  combination  of 
these,  lab  ...  q],  the  new  overall  phase  factor  is  chosen  so  that  a  particular  product  function 
lab  . . .  q)  has  the  coefficient  +1  in  the  expansion  of  the  determinant  if  the  one-electron  labels 
appear  in  some  standard  order,  which  has  to  be  specified. 

The  previous  equation  (14-4)  may  also  be  written  in  the  form 

Lab  . . .  q]  =  1  ab  , . .  q)  (14-6) 

where  A,^  is  the  antisymmetrizing  operator 

the  sum  extending  over  all  the  operations  P  of  the  permutation  group  of  N  particles,  and  p 
is  the  parity  of  the  corresponding  permutation  P. 

The  projection  operator  (or  the  antisymmetric  representation  is,  according  to 

Eq.  (4-14), 

2  (-1)’’  P  (14-8) 

N !  p 

and  therefore  differs  from  Aj,  by  a  factor  \/Tn 

An  =  P^''^  (14-9) 

Unlike  P^^^  the  operator  A^  is  not  idempotent,  since 

An  =  n/TH  An  (14-10) 
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MATRIX  ELEMENTS  OF  SYMMETRIC  OPERATORS 
Ono-particle  Symmetric  Operators 

The  types  of  operators  we  shall  have  to  consider  in  the  several-electron  problem  are 
symmetric  with  respect  to  any  interchange  of  election  indices.  According  to  Eq.  (3-9)  these 
operators  commute  with  any  permutation  P  and  therefore  with  the  antisymmetrizing  operator. 

We  shall  first  consider  operators  of  the  form 

F-|fi  (14-11) 

where  the  individual  fj  operate  only  on  the  basis  functions  of  the  i-th  electron.  The  f  j 
operating  on  a  particular  product  function  |ab  ...  q)  give 

fjla),  lb)2  ...  Ic);  ...  iq)N  =  S  la),  lb)j  ...  lc')i  ...  Iq)N(c'lflc)  (14-12) 

C 

or 

f,  lab  . . .  c  . . .  q)  =  2  lab  ...  c  ' ...  q)  (c  'Iflc)  (14-13) 

C 

where  the  summation  extends  to  all  the  one-electron  basis  functions.  The  coefficients 
(c'lflc)  are  numbers  independent  of  electron  indices. 

We  can  repeat  the  process  for  all  the  f.,  add  the  results  and  operate  with  A,^  on  both 
sides.  Since  A,^  and  F  commute,  we  can  write  the  left-hand  side  in  the  form 

Aj,  (S  fj)  |ab  . ..  q)  =  F  Af,  lab  . . .  q)  «  F  [ab  .. .  q]  (14-14) 

and  therefore 

P  tab ...  c  ...  ql  “  IC  (a  b...  c  ...  q)  (a  |f|a)  +  ... 

a ' 

+  2,  tab  ...  c*. ..  ql  (c'lHc)  ♦  . . .  r  S,  [ab  . . .  c  . . .  q '1  (q'lfjq)  (14-15) 

c  q 

According  to  this  expansion,  a  symmetric  operator  of  type  F  connects  only  states  t// 
and  ifi"  which  differ  at  most  in  one  of  the  labels  of  the  one-electron  basis  functions.  In 
general,  the  determinants  [ab  ...  c'...  ql  will  not  have  their  labels  in  the  standard  order 
and  are  therefore  related  to  the  corresponding  standard  determinants  t/t'  as  follows 
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.//'  =  (-1)’’  [ab  ...  c'...  q] 


(14-16) 


where  p  i;?  the  parity  of  the  permutation  which  transforms  one  into  die  other. 

If  the  states  i/t  and  i/»' differ  in  one  label,  c  V  c,  the  matrix  elements  are  given  by 

(i/-'lF10)  (-l)'’(Lab  ...  c'...  qlll'ifab  ...  c  .  .  .ql)  =  (-l)P  (c 'Ifjc)  (14-17) 

The  diagonal  elements  arc 

(./r|Fl0)  (a|fla)  ...  ^  (clfjc)  t  ...  +  (q|f|q)  ^  i  (tlHO  (14-18) 


since  each  of  the  summations  on  the  right  in  (14-1  6),  for  a '  =  a,  . . .  ,  c  c,  . . .  ,  <1 q, 
respectively,  contributes  to  the  coefficient  of  [ab  ...  c  ...q]. 


Two-particle  Symmetric  Operators 

Another  important  class  of  symmetric  operators  of  interest  in  atomic  problems  are  of 
the  form 

Ci  -  S  g;.  (14-19) 

i>i  ’ 

where  the  g-  operate  only  on  the  basis  functions  of  the  i-th  and  j-th  electrons. 

Following  the  same  argument  as  in  the  case  of  F  =  S  f|,  we  arrive  at  the  expression 

G  [ab.«.c  ...c...q]:= 


~  21  [a  b  ...c...c...ql(a  b  |g]ab)  +  ... 

a',b' 

+  2  [ab  . . .  c' . . .  e' . . .  q]  (c 'e'lgjce)  t  .  . . 


(14-20) 


and  therefore  a  symmetric  operator  of  type  G  connects  only  states  i/i  and  t/r'  which  differ  at 
most  in  two  of  the  labels  of  their  one  electron  basis  functions.  The  same  remarks  as  before 
apply  in  reference  to  the  relative  phases  of  the  i/j's  and  the  determinants  on  the  right-hand 
side. 
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In  every  summation  in  Eq.  (14-20)  both  indices  assume  all  possible  values,  and  for 
every  pair  of  values  c  'and  e'  there  are  two  terms  for  which  the  determinants  are  not  inde¬ 
pendent,  namely 

[ab  . . .  c  ' . , .  e  ' . . .  ql  (c'e'lgjce)  i  lab  . .  ,  e  ' . , .  c  ' . .  .  q]  (e  'c  'lg|ce)  (14-21) 

Since  one  determinant  is  the  negative  of  the  other,  and  for  c'^  e'  they  vanish,  we  may 
replace  the  summations  in  Eq.  (14-20)  by  sums  over  pairs  c'>  e'  in  the  form 

Cl  lab  ...c  ...  e  ..  .'ql  ^ 

=  S  la'b'...  c  ...  e  ...  qlKa'b'lgjab)  -  (b'a'lglab)l  +  ... 

a'>b' 

f  S  [ab  .. .  c' . . .  c' . .  .  q]  1  (c 'e 'lg|ce)  -  (e 'c 'lg|ce)  1  +  . . .  (14-22) 

c'>e' 

If  the  states  ^  and  i//' differ  in  two  labels,  c'^  c,  and  e'/C  e,  the  matrix  elements  of 
G  are  given  by 


(Vt'|F|0)  "  (-1)’’  (lab  .. .  c'.. .  e' . . .  q]  jG]  [ab  . . .  c  . . .  e  . . .  ql ) 

-  (-1)’’  I  (c'e'lglce)  -  (c'c'lglce)l  (14-23) 

If  <t>  and  0 '  differ  only  by  one  label,  c  '4  c,  every  sum  over  pairs  c'>a',  c'>b',  ..., 
c  '>  q  '  contributes  to  the  coefficient  of  [ab  ...  c' . . .  ql  when  a  '  a,  h '  =  b,  . . , ,  q '  =  q, 
respectively.  The  matrix  elements  are  therefore 

(0'|G|0)=  (-1)'’  (Lab  ...c'...  qllGllab  ...  c  ...  ql) 

=  (-!)'’  I  i(c't|glct)-(tc'lglct)i  (14-24) 

a 

If  0  =  0',  all  the  summations  contribute  to  the  coefficient  of  [ab  . . .  ql  when  the 
primed  indices  are  equal  to  a,  b,  ...,  q,  and  the  diagonal  elements  are  given  by  the  double 
sum 

(01G|0)=  i  l(ktlglkt)-(tk|glkt)!, 

k  >  t=  « 
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TMF.  CENTIiAL-FIELD  AND  STRONG -I'lELP  Rl-R  RESENT  ATIONS 


Within  the  independent-particle  scheme  tlie  one-electron  basis  functions  may  be  chosen 
in  different  ways,  depending  on  the  particular  form  of  the  one-electron  Hamiltonian  Hj,  of 
which  the  ja);  are  the  eigenfunctions. 

Wlien  considering  free  atoms  or  ions  these  basis  functions  are  usually  chosen  to  be  the 
eigenfunctions  of  a  one-electron  Hamiltonian  of  the  form 

llj  =  -L.  p?  +u(ri)  (14-26) 

In  this  **central-field'*  sclieme,  the  one-electron  basis  functions  are  characterized  by 
the  familiar  quantum  numbers  2!  /,  ♦  The  eigenvalues  of  such  a  Hamiltonian  depend 

only  on  the  quantum  numbers  ji  and  since  llj  is  independent  of  the  spin  or  spatial  orien¬ 
tation.  It  therefore  has  a  high  degree  of  degeneracy,  since  all  the  states  of  the  same  con¬ 
figuration  have  the  same  energy. 

The  so-called  "strong-field”  scheme  is  often  used  when  considering  ions  in  crystal 
lattices.  In  this  case  the  one-electron  basis  functions  are  eigenfunctions  of  a  one-electron 
Hamiltonian  of  the  type 


Hi-fA«?i,^i)  (14*27) 

which  is  a  symmetric  function  under  the  operations  of  the  pertinent  crystallographic  point 
group. 

In  the  central-field  scheme  out  clioice  of  standard  order  for  the  determinantal  basis 
functions  is  that  where  the  N  sets  of  quantum  numbers  n -ilDg  ffl  |  of  the  one-electron  functions 
are  listed  in  dictionary  order  according  to  increasing  values  of  n  and  Z,  but  decreasing  values 
of  and  mj  .  This  differs  from  the  standard  order  in  Condon  and  Shortley’,  which  is  really 
according  to  n  m  j  nig,  so  that  in  their  case  the  ordering  by  m^  values  precedes  the  ordering 
by  mg  values. 

Each  set  of  values  labels  a  shell.  The  list  of  all  sets  of  n  values,  each  with  a 
superscript  indicating  the  number  of  electrons  in  the  shell,  specifies  a  configuration.  The 
states  of  a  configuration  are  described  by  listing  also  the  nig  and  m  j  values  of  the  electrons 
in  the  incomplete  shells.  For  these,  the  several  m  ^  values  corresponding  to  mg  =•  are 
given  inside  parenthesis  labelled  by  an  upper  +  sign,  then  the  for  m,  ”  -  H  in  a 
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pareii  tiles  is  lahelleti  by  a  minus  sign.  For  example,  a  state  of  a  configuration  of  Ct''"’'  is 
Is22.s22p''’3s23p^3d''  [21,  -1]'  [-1]“ 

In  order  to  simplify  the  notation  and  use  only  the  minimum  necessary  number  of  labels, 
it  is  customary  to  retain- only  those  whicli  are  relevant  to  the  problem  under  consideration. 
Thus,  for  example,  when  considering  only  states  of  the  Cr'’’’  ion  in  the  given  configuration, 
it  is  only  necessary  to  specify  the  m„  m^f  values  of  tlic  four  d*electrons  in  the  incomplete 
shell,  and  those  will  be  written  simply  in  the  form  121,  [2 1 01'^ t-2]“,  etc. 

In  later  Sections  we  shall  use  a  still  simpler  notation.  If  only  states  where  all  the 
m^,  values  are  +1^  are  considered,  we  shall  write  a  symbol  UlOl'*'  as  [210]  •  Similarly  a 
symbol  like  [21,  -l]‘''[-ll~  will  be  replaced  by  [2lTl!]. 
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15.  THE  BASIS  FUNCTIONS  FOR  N-ELECTRON  SYSTEMS 

THE  LS-COUPLING  SCHEME 


The  independent-particle  Hamiltonian  previously  considered  is  not  a  good  approxi¬ 
mation  to  the  true  Hamiltonian  of  an  atomic  system  of  several  electrons.  It  does  not  include 
terms  which  make  a  significant  contribution  to  the  energy  of  the  system.  If  the  terms  cor¬ 
responding  to  the  Coulomb  repulsion  of  the  electrons  and  the  spin-orbit  coupling  energy  ate 
included,  the  Hamiltonian  for  a  free  atom  or  ion  takes  the  form 


H  = 


J_ 

2/1 


2 

Pi 


V  N  2 

+  arO  /i-Si)  +  ^  — 

/  1>)  f/j 


(15-1) 


It  is  found  that  in  practice  this  constitutes  a  rather  good  approximation  to  the  true 
Hamiltonian,  Experimental  results  also  show  that  the  spin-orbit  coupling  energy  is  usually 
small  compared  to  the  other  terms. 

If  the  spin-orbit  coupling  terms  are  excluded,  the  resultant  Hamiltonian  is  spin- 
independent,  and  is  therefore  invariant  under  rotations  in  the  coordinate  space  as  well  as 
in  the  spin  space.  It  is  therefore  convenient  to  choose  a  system  of  N-electron  basis  functions 
class! '’led  according  to  the  different  irreducible  representations  of  these  rotation  groups. 

This  is  equivalent  to  a  classification  according  to  the  different  eigenvalues  of  the  com¬ 
muting  operators  L^,S^,Lj,,  and  S^.  The  vector  operators  L  and  S  correspond  to  the  total 
orbital  and  spin  angular  momentum,  respectively,  and  are  given  by 


L  =  /i  +  /2  +  ...+  /|.j 

S  =  Si  +  Sj  +  ...  +  Sn 


(15-2) 


where  the  I-  and  S;  are  the  corresponding  operators  for  the  individual  electrons.  The  operators 
and  are 


L2  =  (L.L)  =  (L.L_  +  L_L,)  + 

2  ^  z 

$2  =  ($.$)  =  ±  (S  s_  +  S_S.)  + 

Z  ^  z 


(15-3) 
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The  basis  functions  in  this  representation  are  characterized  by  the  corresponding 
quantum  numbers  and  written  in  the  form  |  aSL  The  symbol  a  stands  for  all  the  rest 

of  the  indices  or  quantum  numbers  necessary  to  specify  the  state,  such  as  the  configuration, 
etc. 

According  to  the  properties  of  symmetric  operators,  Eq.  (3*19),  in  this  representation 
the  Hamiltonian  of  the  free  ion  (with  no  spin-orbit  terms)  has  zero  matrix  elements  between 
basis  functions  which  differ  in  any  of  the  quantum  numbers  SI.MgMj_. 


CONFIGURATIONS  OF  EQUIVALENT  ELECTRONS 

When  considering  the  configurations  of  several  equivalent  electrons  it  is  often  found 
that  there  are  several  states  with  the  same  set  of  quantum  numbers  SL  MgM^  for  a  given 
configuration.  The  simplest  case  when  this  occurs  is  for  the  configuration,  to  which  two 
states  belong.  According  to  the  arguments  given  in  Section  8,  it  is  convenient  to  classify 
these  states  according  to  the  eigenvalues  of  other  operator  or  set  of  operators  which  com* 
mute  with  the  previous  L^,  ami  S^. 

For  the  configurations  of  several  d-electrons,  (-t  =  2),  the  appropriate  operator  is 
(*(«,)"  3  (15*4) 

For  the  configurations  of  several  f-electrons,  (  ^  =  3)  there  are  two  operators  of 
that  sort 


(i(G.^)  -  3[Uff)]^  +  111U<’>J^  (15-5) 

(JlRy)  =  +  11[U<5)]^  (15-6) 

The  are  the  N-electron  operators  corresponding  to  the  unit  operators 
discussed  in  Section  13, 

Uf'‘>  =  2  uf^i)  (15-7) 

i 

and  may  be  expressed  in  terms  of  the  angular  momentum  operators,  as  previously  indicated. 

In  particular,  the  operator  IJf  is  proportional  to  the  total  orbital  angular  momentum  operator  L. 
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In  tho  same  way  that  a  classification  of  the  basis  functions  according  to  the  eigen¬ 
values  of  L^,  or  is  equivalent  to  that  according  to  the  different  irreducible  repre¬ 

sentations  of  the  rotation  group  in  three  dimensions,  R^,  the  classification  according  to  the 
eigenvalues  of  (^(Rj)  orQCR^)  is  equivalent  to  that  according  to  the  irreducible  represen¬ 
tations  of  the  groups  designated  as  Rj  and  R^,  respectively.  These  are  rotation  groups  in 
the  space  of  the  2 -f,  i  1  basis  functions  for  d-  or  f-clectrons.  The  group  designated  as  Gj 
IS  a  subgroup  of  R^.  The  three-dimensional  rotation  group  Rj  is  a  subgroup  of  all  of  these. 
We  shall  discuss  these  questions  at  greater  length  in  the  Appendix.  At  this  point  we  shall 
only  indicate  the  basic  facts  which  are  relevant  to  the  forthcoming  discussions. 

The  irreducible  representations  of  Rj  are  characterized  by  two  integers  ^  X^ 
and  symbolized  by  (XjX2).  The  corresponding  eigenvalues  of  the  operator  QCRj)  are  a 
function  of  X^  and  X^ 


^5(^1, X2)  [Xj(Xj  +  3)  +X2(X2+1)1  (I5-8) 

The  irreducible  representations  of  Rj  which  are  of  interest  in  the  classification  of  the  states 
of  the  d^  configurations  are  given  in  Table  15-2.  This  also  shows  the  reduction  of  these 
representations  into  those  of  Rj. 

The  irreducible  representations  of  the  group  are  characterized  by  three  iutegers 
X^  ^  X2  ^  Xj  and  symbolized  by  (XjX2Xj).  The  eigenvalues  of  the  operator  (JCRy)  for 
the  eigenfunctions  of  the  representation  (XjXjXj)  are 

^7 (X f, X 2iX j)  =»  lXj{Xj+5)  +  X2(X2  +  3)  +  Xj (Xj  +  1)]  (15-9) 

The  representations  of  the  subgroup  Gj  arc  characterized  by  two  integers  >  H2, 
and  also  symbolized  by  The  eigenvalues  of  the  operator  Q(G2)  for  the  basis  functions 

of  the  representation  are  given  by 

5>2</'1.M2)  =  —  lgl(/il  +  5)  +  #i2((£2  +  ‘<)  +  (15-10) 

The  irreducible  representations  of  R7  and  G2  which  are  of  interest  in  the  classi¬ 
fication  of  the  states  of  the  f*^  configurations  are  given  in  Tables  15-3  to  15-7.  These 
also  show  the  reduction  of  the  irreducible  representations  of  R7  into  those  of  G2,  and 
these  in  turn  into  representations  of  Rj. 
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The  jgSLMjM^^  Functions 

The  vector-coupling  methods  described  in  previous  Sections  require  some  modifi¬ 
cations  when  applied  to  'he  determination  of  the  N-electron  basis  functions  in  LS-coupling, 
on  account  of  the  antisymmetry  requirements.  There  are  essentially  two  methods  of  approach. 
One  starts  with  antisymmetric  N-electron  basis  functions  in  the  independent-particle  repre¬ 
sentation,  and  determines  linear  combinations  of  these  which  are  lSLMgMj_)  basis  functions. 
The  other  approach  starts  constructing  basis  functions  by  use  of  the  vector 

coupling  methods  and  then  the  appropriate  linear  combinations  of  these  which  are  anti¬ 
symmetric  for  interchange  of  electrons.  Both  methods  have  their  own  virtues  and  disadvan¬ 
tages.  The  first  involves  simpler  types  of  arguments  and  we  shall  consider  it  in  the  present 
Section. 

We  shall  describe  the  method  for  nt  configurations  of  equivalent  electrons.  The 
extension  to  those  consisting  of  two  or  more  incomplete  shells  presents  no  additional  dif¬ 
ficulties.  In  its  simplest  form,  the  method  was  used  by  Gray  and  Wills'®.  We  shall  also 
show  how  it  can  lie  modified  and  extended  to  obtain  jSLMgMj^)  basis  functions  which  are 
also  eigenfunctions  of  the  operators  (J(R2/+i^  we  shall  call  jgSLMgM^) 

In  this  method  the  eigenfunction  |g  SL  MjMl)  for  the  highest  Mg  and  Mj  ,  namely 
Mg  ■  S  and  Ml  L  for  each  state  is  found  by  orthogonality  considerations.  The  eigenfunc¬ 
tions  for  the  other  possible  values  of  Mg  and  Ml  may  then  be  found  by  repeated  application 
of  ‘he  lowering  operators  S_  and  L_. 

in  order  to  form  the  jgSL  MgM.  )  linear  combinations  we  shall  need  to  know  the 

(k)" 

effect  of  operating  with  S_,L_  and  on  the  detcrminantal  basis  functions.  Since  all 

these  operators  are  of  the  type  F  =  5i  f-,  the  results  are  given  by  Eq.  (14-15). 

i 

For  simplicity,  the  basis  functions  of  the  previous  Section  will  be  written  in  the 

form 


[m;  mi  ...m;  Im;  ...m?  ]  (15‘11) 

‘I  ‘2  'f  ‘f+l  'n 

where  the  m^  values  listed  on  the  left  of  the  vertical  bar  correspond  to  =  '/$ ,  those  on 
the  right  to  =  -  H  -  If  they  all  correspond  to  m^  =  Vi  they  will  be  written  as 

tmi  mi  ...mil  (15-12) 

1  ‘2  r 

with  r  =•  N. 
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The  application  of  L_  to  one  of  these  is  given  by 

L  [m;  [mi  + 

‘l  ‘i  'n  ‘i  'n  'i  ‘i 


(15-13) 


Similarly,  for  S_  we  obtain 


S_  [m;  . . .  mi  . . .  1 . . .  ]  «  S  I  . . .  j . . .  in;_ . . .  If-l)*^  (15-14) 

*i  *N  1  i  N 

For  the  operators  U^'‘\  according  to  Eq.  (13-8)  we  obtain  the  following  result 

q 


U  Hmi  ...m;...l..,mi  ]  =  X[mi  ...mi  +q...l...mi  J(-l)*’ 

q  'i  'i  'n  mi  ‘i  'n 


(^m/_kq  jX,  m;_+  q) 


2-t  +  1 


(15-15) 


As  indicated  previously,  p  is  the  number  of  interchanges  necessary  to  bring  the  re¬ 
sulting  m^  +  q  value  to  its  place,  so  that  in  the  final  determinant  all  the  m;  values  be  ordered 
in  desceniing  order.  If  the  new  m/_  +  q  value  is  the  same  as  any  of  the  other  values  for 
the  same  m^,  the  corresponding  determinantal  function  vanishes. 

In  the  actual  performance  of  the  operations  it  is  advantageous  to  use  some  diagrams 
where  the:  matrix  elements  on  the  right-  hand  side  of  Eqs.  (15-13)  and  (15-15)  are  shown  con¬ 
necting  the  corresponding  m,  values.  This  allows  the  effect  of  an  operator  on  the  basis  func- 

‘ 

tions  to  be  determined  by  inspection. 

For  example,  when  considering  configurations  of  equivalent  d-electrons,  ('t  =  2),  we 
have  the  following  diagram  for  L_ 

"/  cm  cm  cm  cm  Em 

^  ^  K  \  ^  (15-16) 

(m;  -  1 1  L_  Im,)  ^2^  7^'^  ^2^^ 


With  the  help  of  this  diagram,  the  effect  of  L_  on  a  determinant  such  as  [20|1]  is  easily  found 
to  be 

L_[20in  =  7^  120|0]  +  /T  [2111]  +  2[1011]  (15-17) 
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Similarly,  the  corresijondiiig  ilittgrams  for  the  operators  anti  are 


a(m/-llU^^m,) 


2  [  I  I  I  0  I  I  -1  I  I  -2 

^  yr-^  ^ -/T-^  V  y5>^ 


(15-18) 


a(m,-2Hj[^’|m,) 


2 


/?><C 


nn 


(15-19) 


a(m,-3tU^’V’'p 


(15-20) 


All  the  matrix  elements  have  hcen  multiplied  hy  tile  constant  a  =  to  avoid 

denominators.  A  constant  factor  may  always  be  omitted,  since  normalization  is  easily  ac- 

( 3) 

complished.  I'or  example,  the  operation  of  U_2  ®'’  t21|0]  is 


liiV  I2l|0] 


.  il,- 


I  -  [21|2]  .  0[2110]  1  [01|0] 


.  il,- 


(15-21) 


(21121  -  [1010] 


The  effect  of  S_  on  a  determinantal  basis  function  requires  only  to  consider  the 
permutation  factor  (-  1)P.  Thus,  for  example. 


S_[2101]  =  [21011]  -  [211101  +  [20T|1]  -  [10112] 


(15-22) 


The  determinantal  basis  functions  are  already  eigenfunctions  of  and  with 
eigenvalues  given  by 


=  IS  m^ 


M,  .  r  -  fl- 


(15-23) 
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In  the  process  of  determining  the  Ig  SL  MgM^)  functions  according  to  the  present 
method,  it  is  convenient,  though  not  always  necessary,  to  obtain  first  those  for  the  highest 
value  o/  the  total  spin  S,  and  proceed  to  those  for  S  -  N/2  -  1, . . . ,  1/2  or  0,  successively. 

It  is  only  necessary  for  most  purposes  to  determine  one  function  for  every  set  of  values 
gSL,  and  the  simplest  one  is  usually  the  function  jgSLSL)  with  the  highest  values  of  Mg 
and  M^.  The  remaining  ones  may  be  obtained  by  repeated  operation  with  S_  and  L_. 

For  a  given  value  of  S,  there  is  only  one  determinant  with  M,,  =  S  and  largest  M^, 
and  this  must  correspond  to  the  function  |SL||SL||)  of  the  state  with  the  highest  L  for  that 
multiplicity. 

Operating  with  L_  on  this  function  one  obtains  the  function  lSLjjS,Ljj  -  1),  If  this 
is  a  linear  combination  of  n  determinants,  the  remaining  n  -  1  linear  combinations  of  these, 
orthogonal  to  the  previous  one,  must  correspond  to  states  with  L  =  Lj^  -  1.  Those  belonging 
to  states  of  higher  total  spin  may  be  assumed  to  be  known  from  a  previous  stage.  The  rest 
are  1S,L(,  -  1,  S,  L||  -  1)  functions.  It  there  is  more  than  one,  they  can  be  determined  so 
that  they  he  also  eigenfunctions  of  the  Q  operators  of  Eqs.  (15.4)  to  (15*6).  The  appropriate 
orthogonality  conditions  are  described  below. 

The  operator  L_  may  applied  to  these  functions  with  =  Lh  ’•  1  aud  the  whole 
process  repeated  until  finally  the  functions  with  the  lowest  value  of  L  are  obtained.  It  should 
be  pointed  out  that  it  is  not  necessary  to  operate  with  on  the  actual  linear  combinations 
of  determinants  obtained  at  a  given  stage,  but  only  on  the  determinants  themselves,  since 
this  provides  equivalent,  but  simpler,  orthogonality  relations  to  be  satisfied  by  the  new 
ISLMgM^)  functions  to  he  determined  at  the  next  stage. 

The  additional  orthogonality  conditions  necessary  to  obtain  ISLMgM^)  functions 
which  are  also  eigenfunctions  of  the  Q  operators  are  obtained  by  use  of  the  operators. 

We  shall  consider  first  the  case  of  the  d*^  configurations.  The  corresponding  operator  (JCRj) 
is 

Q(Rj)  =  7tU”)]2  (15-21) 

Since  is  proportional  to  L,  in  a  representation  where  and  (JlRj)  are  diagonal 
the  operator  must  also  be  diagonal.  Accordingly,  the  operators  acting  on  a 

function  that  belongs  to  a  given  irreducible  representation  (A  1X2)  of  Rj  can  only  give  func¬ 
tions  which  belong  to  the  same  irreducible  representation,  and  which  are  therefore  orthogonal 
to  all  those  belonging  to  others.  A  familiar  analog  is  afforded  by  L^,  and  L_,  which 
operate  on  jLMj^)  eigenfunctions  to  give  only  others  with  the  same  L  value. 
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In  the  case  of  the  configurations,  the  two  operators  to  be  considered  are 


and 

0(^7)  =  (}(G2)  + 


(15-22) 


The  same  arguments  used  in  the  case  of  Rj  show  that  in  a  representation  where 
Q(G2)  and  QCR-^)  are  diagonal,  all  three  operators  and  are  also 

diagonal.  The  operators  connect  only  functions  belonging  to  the  same  irreducible 

representation  G2,  while  the  operators  connect  only  functions  of  the  same 

irreducible  representation  (XjXjXj)  or 

The  process  of  determining  the  eigenfunctions  of  the  L^,S^,  and  (J  operators  is 
facilitated  by  the  knowledge  of  the  number  of  states  to  be  expected  and  their  classification 
according  to  the  eigenvalues  of  these  operators  (or  the  irreducible  representations  of  the 
corresponding  groups).  This  knowledge  can  be  gained  by  group-theoretical  considerations.  ^  1*1^ 
This  classification  for  the  d*^  and  f^  configurations  is  given  in  Tables  15*2  to  15-7. 


THE  HALF’SHELL  RULE 

There  is  a  very  important  rule  which  allows  the  determination  of  jgSLMgMj)  eigen¬ 
functions  for  many  states  of  configurations  of  several  electrons  from  those  with  a  smaller 
number  of  electrons  and  vice  versa.  The  considerable  simplification  that  it  introduces  re¬ 
duces  the  labor  involved  by  approximately  a  half. 

Let  us  consider  two  determinantai  basis  functions  for  a  given  configuration  of  equiv¬ 
alent  electrons  which  differ  only  on  one  of  the  m^  values 

A  ••  . . .  m;  . . .  m^  |. . .  m/^]  A '  =  [m^^ , . .  m^  ^. .  .m^  |. . .  m;^]  (15-23) 

Next  consider  the  determinants  of  the  configuration  of  N'  electrons  (N'  a  2-t+  1+  N-2r) 
obtained  from  the  previous  ones  by  replacing  holes  in  the  m„  =  !^  half-shell  by  electrons  with 
the  negatives  of  their  corresponding  m^  values.  Thus,  for  example,  if  we  take  the  above 
determinants  to  be  13211]  and  [30|ll  of  the  configuration,  and  represent  them  schematically 
in  the  form 
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A 


A 


(15-24) 


I 

I 

I 

i 
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I 
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I 

I 

I 

I 

i 
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3 

2 

n 

1 

n 

3 

0 

1 

_ 

the  associated  detertiii iiants  for  obtained  by  tlie  above  rule  are  [32101jl]  and  [3211211], 
respectively 


3 

1 

0 

1 

n 

1 

A' 


3 

2 

1 

1 

5 

1 

(15-25) 


It  is  easily  sceti  that  the  determinant  of  N' electrons  associated  to  A  will  contain 

the  quantum  number -nii  ,  ,  the  one  associated  to  A' will  contain  -ni^  ,  while  the  rest  of 
'  n  a 

itie  mj  will  be  common  to  both. 

The  matrix  element  of  a  tensor  operator  Uq*'^(with  q  0)  between  the  determinant al 
basis  functions  A  aiul  A 'is,  according  to  liq.  (14-17) 


(A'1U^;’1A)  >  (-D^^.m,  ) 


(I5-2rt) 


The  corresponding  matrix  element  between  the  *'half-shell  associate”  determinants, 
A  and  A  ',  i.s 


(A'1U','‘V)  =  (-l)‘’{'t.-'n,y;'l'e, -m/  ,) 


(k). 


(15-27) 


It  is  easily  proved  that  the  parities  p  and  p  of  the  pertinent  permutations  satisfy 

■p  =  p  +  lq|  -  1  for  q  |4  0;  =  P  for  q  =  0  (15-28) 

(k) 

The  symmetry  relations  between  the  matrix  elements  of  the  u'^  operators  are 


(^,-m|u^q‘'^  K,-m')  =  (-l)'‘“'‘(-tm'|u|j'‘>|i'n)  (15-29) 

From  all  these  considerations,  it  follows  that 


(A'lU^q^'V)  “  (-l)‘“^(A'iujJ‘V) 


(15-30) 
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This  relation  is  also  valid  without  modification  for  q  =  0  in  the  case  of  k  odd,,  since 

1  (Xmlu'’'^  Km)  =  0,  for  k  odd  (15*31) 

m  0 

All  previous  considerations  used  in  the  determination  of  the  jgSL  MgM^)  functions, 
with  the  exception  of  those  concerning  the  spin,  make  use  of  the  operators  and 

(  *  *  ft  . 

which  act  in  identical  fashion  on  half-shell  associate'*  determinants, 
q 

It  follows  that  if  a  linear  combination  of  determinants  belongs  to  given  irreducible 
representations  of  Rj  and  Rj  (or  R  j,  Gj  and  R^),  the  corresponding  linear  combination  of 
the  "half-shell  associate"  determinants  also  belongs  to  the  same  representations.  It  must 
be  noticed,  however,  that  they  correspond  to  different  S  and  Mg  eigenvalues. 

Thus,  for  example,  if  the  jgSLMgMj^)  basic  functions  for  f^  are  known,  the  cor¬ 
responding  functions  belonging  to  the  representations  (000)  (200)  and  (110)  for  other  con¬ 
figurations  f^  f^,  f^,  f^  may  be  obtained  by  the  "half-shell  rule”  and  by  appropriate  use 
of  the  S_  operator.  One  example  of  the  use  of  this  rule  is  given  below  for  the  d^  configuration 
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Example:  The  Configuration 

We  shall  illustrate  the  method  by  obtaining  one  basis  function,  Mj  =  L  and  Mg  =  S, 
for  each  of  the  states  of  the  configuration. 


The  basis  function  for  the  quartet  states  “^F  and  '^P  may  be  obtained  from  those  for 


the  triplet  states  of  d^  by 

use  of  the  ''half-shell  rule”, 

-’F  =  [21] 

5p  =  |  v/^[2T]  -  v^[]0]  \/S 

(1 5-32) 

d-^ 

-♦f  -  [210] 

'<P=I  [201]  -  v/3  [212]  \/^J5 

(15-33) 

For  the  doublet  states,  we  start  with  the  one  with  the  highest  L,  namely  the  There 
is  only  one  wave  function  with  M'=  “5,  and  this  must  cotrespond  to 

^11  =  [21121  (15-34) 

If  the  M-lowering  operator  is  applied  to  this,  we  obtain  a  linear  combination  of  two 
functions  [2111]  and  [2012],  which  corresponds  to  ^11,  M|  =  4. 

The  other  independent  linear  combination,  orthogonal  to  the  previous  one  must  corre¬ 
spond  to  a  new  state,  namely  the  G.  The  process  is  facilitated  by  adopting  a  scheme  of  the 
type 

(15-35) 

The  first  row  is  actually  the  matrix  of  the  L_  operator.  The  last  row  gives  the  co¬ 
efficients  of  the  function  corresponding  to  the  state.  If  this  is  normalized,  we  can  write 
it  in  the  form 

2G  =  lv(3l21|l]-v/r[2012]i/V5  (15-36) 

We  may  proceed  in  the  same  form  now,  and  apply  L_  to  the  previous  functions.  Since 
we  are  not  interested  in  the  =  3  functions  for  the  and  states,  we  may  apply  L_  to 
the  functions  [21 11]  and  [2012]  rather  than  to  the  linear  combinations  corresponding  to  the 
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Ml  “  4  functions  of  the  and  states.  This  not  only  avoids  a  matrix  multiplication,  but 
also  simplifies  the  determination  of  the  basis  functions  for  the  new  states  making  their 
appearance  at  this  point.  The  new  functions  must  be  orthogonal  to  any  linear  combination 
of  the  Ml  =  3  functions  for  and  ^G,  and  therefore  to  L_  12111]  and  L„  [2012],  The  matrix 
of  L_  between  determinantal  basis  functions  may  be  obtained  by  inspection  by  means  of  the 
diagrams  (15-16). 


The  calculation  scheme  for  Ml  =  3  is 


[2110] 

[2011] 

[21121 

[1012] 

L_  [2111] 

v'iT 

0 

0 

L_  [2012] 

0 

2 

V6 

2 

4p 

1 

-1 

0 

1 

^F 

1 

-1 

v/r 

-2 

(15-37) 


The  two  first  rows  constitute  the  matrix  of  L_.  There  are  now  four  basis  functions  for 
Ml  *  3  and  therefore  two  new  basis  (unctions  for  F  states.  One  of  these  must  be  the  Mg  = 
function  of  the  state,  which  may  be  obtained  from  the  already  known  Mg  <»  3/2  function 
[210]  as  S_  [210],  and  is  given  in  the  third  row. 

The  remaining  function  corresponds  to  the  new  ^F  state.  Its  coefficients  are  given  in 
the  last  row,  which  is  orthogonal  to  all  the  others. 

We  shall  carry  the  process  one  step  further  and  work  out  the  scheme  for  the  M,  *  2 
functions.  This  is  of  interest,  because  in  this  case  we  obtain  two  states  of  the  same  type, 
namely  two  states,  and  we  shall  show  how  they  can  be  chosen  to  belong  to  different 
representations  of  the  group  Rj. 

The  calculation  scheme  for  the  Ml  =  2  functions  is 


[2111] 

[2010] 

[2lll] 

[1011] 

[2212] 

irii2] 

L..  [2110] 

vr 

0 

0 

0 

0 

[2011] 

0 

V<r 

2 

0 

0 

L_[2T12] 

0 

0 

2 

0 

2 

2 

L_  [1012] 

0 

0 

0 

2 

0 

vAT 

^^(10) 

1 

-1 

1 

0 

-1 

0 

^^(21) 

-3 

3 

1 

-2)/^ 

-5 

4 

(15-38) 
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After  the  matrix  elements  of  L_  have  been  cieti-rmincd,  the  ^h)(io)  function  may  be 
"found  in  essentially  two  different  ways  which  we  sliall  sketch  briefly. 

The  first  method  makes  use  of  the  fact  that  the  function  of  the  d'*  config¬ 
uration  also  belongs  to  the  (10)  representation  of  The  function  for  Mj  -  2, 

M  5  ■=  S  >=  2,  is  simply  [2101],  The  function  for  ==  1  is  easily  obtained  as 

S_  [2101]  -  [210|T1  -  121110]  t  [201111  -  LloIl2]  (15-39) 

The  function  for  d^  is  obtained  from  this  by  means  of  the  "half-shell  rule”. 

Another  method  is  based  on  the  fact  that  the  operators  connect  only  states  of 
the  same  irreducible  representation  of  Rj.  Since  the  determinantal  basis  function  for  M  >.3 
do  not  form  functions  of  the  (10)  representation,  the  operators  operating  on  them  will 
always  yield  functions  orthogonal  to  those  of  the  state.  We  can  take,  for  example 

Ul?]  [2112]  -  N  I  [211T]  t  [22121  -  [lTl2]  1  (15-40) 

The  coefficients  for  tlie  function  may  then  be  determined  by  this  additional 

orthogonality  condition. 

Finally,  the  function  for  tlie  ^13^2 1)  state  is  obtained  by  making  it  orthogonal  to  that 
for  and  the  [2110],  etc. 
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TABLE  15-1 


STATES  OF  THE  p”  CONFIGURATIONS 


N 

2S+1 

L 

1 

2 

P 

2 

3 

r  ■  ■ 

P 

1 

S  D 

3 

4 

S 

2 

PD 
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TABLE  15-2 


TABLE  15-3a 


STATES  OF  THE  CONFIGURATION 


N 

2S+1 

R7 

62 

R3 

1 

3 

110 

(  10) 
(11) 

F 

P  H 

■ 

|H 

ooo 

S 

1 

1 

200 

(20) 

D  G  I 

TAUI.E  l5-3b 


STATES  OF  THE 


CONFIGURATION 


N 

2S+1 

)  ■■  . 

R7 

G2 

R3 

3 

mmiHiHaiHi 

m 

m 

5 

F 

ign 

D  G  I 

2 

100 

(  10) 

F 

210 

BHB 

P  H 

D  G  I 

WJIH 

DFGH  ICL 
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TABLE  15-4 


STATES  OF  THE 


CONFIGURATION 


N 

2S+1 

R7 

G2 

R3 

A 

5 

■I 

S 

F 

mil 

HI 

D  G  I 

3 

1 10 

1  10) 

■BH 

(11) 

211 

IB  I 

F 

IB  I 

P  H 

IB  I 

0  G  1 

IB  ■ 

DFGH  K.L 

(  30) 

P  FGHIK.  M 

1 

000 

(00) 

S 

200 

(20) 

D  G  I 

220 

(  20) 

D  G  I 

(  21 ) 

DFGH  K.L 

(  22  ) 

S  D  GHI  L  N 
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STATES  OF  T 


ABLE  15-5 


E  CONFIGURATION 


G2 


(  10) 
(  11) 


P 


(00) 


s 


R3 


H 


(10)  F 

(20)  D  G  I 


(  10) 
(11) 
(20) 
(21) 
(30) 


F 

P  H 
D  G  I 
DFGH  KL 
P  FGHili;  M 


(  10) 


F 


(  11) 
(20) 
(21) 


P  H 
D  G  I 
DFGH  ICL 


(  10) 
(11) 
(20) 
(  21 ) 
(  30) 
(31) 


F 

P  H 
D  G  I 
DFGH  ICL 
P  FGHIK  M 
PDFGHIK.LMNO 
F  HIK 
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ABLE  15-6 

CONFIGURATION 


G2 

R3 

(  10) 

F 

(00) 

S 

(  10) 

F 

(20) 

D  G  I 

(11) 

P  H 

(  20) 

0  G  1 

(21) 

DFGH  KL 

(  10) 

(  11) 

(  10) 

F 

(  11  ) 

P  H 

(20) 

(5  G  I 

(21) 

DFGH  KL 

(  30) 

P  FGHIK  M 

III 

F 

III 

P  H 

1  £  1 

D  G  I 

III 

DFGH  KL 

(  30) 

P  FGHIK  M 

131) 

PDFGHIKLMNO 

F  HIK 

(00) 

S 

(20) 

D  G  I 

(20) 

D  G  1 

121) 

DFGH  KL 

(22) 

S  D  GHI  L  N 

(00) 

S 

( 10) 

F 

(20) 

D  G  1 

(30) 

P  FGHIK  M 

(40) 

S  DFGHIKLMN  Q 

G  1  L 
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TAm.K  15-7 


1 


15-20 


R3 
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F 

P  H 


D  0  1 


F 

D  G  1 


F 

P  H 
D  G  I 
DFGH  KL 
P  FGHI<  M 


D  G  I 
DFGH  K.L 
S  D  GHl  L  N 
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P  H 
D  G  I 
DFGH  K.L 


F 

P  H 
0  G  I 
DFGH  KL 
P  FGHIK  M 
PDFGHIKLMNO 
F  HIK 


F 

D  G  1 
P  FGHIK  M 
S  DFGHIKLMN  Q 
G  1  L 


16.  THE  CRYSTAL-FIELD  HAMILTONIAN 


We  shall  consider  now  the  case  of  an  atom  or  ion  in  an  environment  such  as  chat  of  a 
crystal  lattice. 

The  simplest  treatment  involves  two  basic  assumptions. 

The  first  assumption  is  that  the  electrons  under  consideration  are  localized  in  the 
central  ion,  so  that  they  do  not  participate  in  the  chemical  bonding  to  the  neighboring  atoms 
or  ions. 

The  second  assumption  considers  the  effect  of  the  environment  as  creating  an  electro* 
static  potential  due  to  a  charge  distribution  around  the  central  ion. 

The  assumption  about  the  localization  of  the  electrons  implies  that  the  basis  functions 
involved  in  the  treatment  are  restricted  to  be  atomic  orbitals  of  the  central  ion.  Accordingly, 
the  theory  applies  with  greater  success  to  the  electronic  states  of  those  atoms  or  ions  having 
an  incomplete  electronic  shell  which  is  relatively  undisturbed  by  the  environment,  such  as  the 
transition-metal  or  rare-earth  ions.  The  logical  extension  of  the  theory  consists  of  including 
among  the  basis  functions  the  atomic  orbitals  of  tlie  neighboring  ions,  but  we  shall  not  con* 
sider  them  at  present. 

The  second  assumption  allows  us  to  write  the  approximate  Hamiltonian  for  the  ion  in 
the  form 


H  =  11k  +  Vc  (16*1) 

where  Hp  is  the  Hamiltonian  of  the  free  ion,  as  given  previously  in  Eq.  (15*1),  and  the  crystal 
potential  V q  is  of  the  form 

Vc  =  2  V  (rj,  0;,  0i)  (16*2) 

i 

which  is  a  sum  of  N  one*electron  operators,  symmetric  under  permutations  of  electrons,  and 
therefore  an  operator  of  the  type  F  considered  in  Section  14. 

The  functional  form  of  the  one*electron  function  V(r,  0,  <f>)  may  be  established  by 
classical  arguments  from  a  knowledge  of  the  charge  distribution  which  represents  the  effect 
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of  the  environment.  This  distribution  has  the  symmetry  of  a  certain  point  group,  determined 
by  the  lattice. 

The  simplest  assumption  ahout  the  charge  distribution  is  to  consider  it  as  a  system 
of  point  charges  located  at  the  positions  of  the  neighboring  ions.  Although  this  is  a  crude 
approximation,  it  may  be  refined  to  include  more  general  charge  distributions,  still  within 
the  framework  of  the  simple  model  under  consideration. 

In  what  follows  we  show  how  symmetry  arguments  may  be  used  to  the  greatest  advan* 
tage  in  the  determination  of  the  function  V(r,  0,  </>). 


POTENTIAL  OF  A  SYMMETRIC  SYSTEM  OF  POINT  CIIARCES 


The  potential  at  the  point  with  polar  coordinates  (r,  0,  (/>)  due  to  a  point  charge 
located  at  the  point  (R,,,  0^,  <Ii^)  is 


-  2t  R^  cos  ojJ 


(16-3) 


where  is  the  angle  between  the  unit  vectors  in  the  directions  (6,,  *!•,)  and  (0,  so 
that 


cos  <Ug  *  cos  cos  0  +  sin  0,  sin  0  cos  (16-4) 

For  r  <  Rg  the  potential  may  be  expanded  as  a  power  series  in  r/R^ 

V.  =  2  P,  (cos  cug)  r-I-\  '•  (16-5) 

Rg  l,.o  [rJ 

The  coefficients  P[  (cos  <Ug)  are  the  Legendre  polynomials  in  the  variable  cos  Wg, 
and  may  be  expressed  in  terms  of  the  spherical  harmonics  of  the  variables  (0g,  <lig)  and 
(0,  (j>)  by  means  of  the  addition  theorem 

Pl  (cos  eug)  =  -4-2—  2  (©g,  K.)*  (6,  ^)  (16-6) 

2  L  +  1  M 
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A  similar  expression  obtains  for  other  sets  of  basis  functions  related  to  the  Yj^  by  a 
unitary  transformation.  If  we  choose  an  equivalent  system  of  basis  functions  which  are  sym¬ 
metry  functions  for  a  certain  point  group,  the  addition  theorem  may  be  expressed  in  the  form 

Pi  (cos<uJ=  X  4' (0,  .^)  (16-7) 

/I,  i  I  ny/t 

wliere  the  are  the  symmetry  functions  considered  in  Section  7.  The  index  yruns  over 

all  the  irreducible  representations  T  contained  in  the  (reducible)  representation  afforded  by 
the  for  the  given  value  of  I..  If  the  representation  T  is  contained  n^  times,  the  index  a 
assumes  n^  different  values. 

Consider  next  a  system  of  ji  identical  point  charges,  =  q,  (a  =  1,  2,  .  .  ,  n),  dis¬ 
tributed  about  the  origin  according  to  the  symmetry  of  a  given  point  group,  so  that  =  R. 

Under  the  symmetry  operations  H,  a  typical  point  charge  with  coordinates  (R,  ©g,  $g) 
will  transform  at  least  once  into  any  other  of  the  set.  In  those  particular  cases  where  the 
charges  are  located  on  certain  elements  of  symmetry  such  as  axes,  planes,  etc,,  there  will 
be  a  certain  number,  Iiq,  of  operations  which  leave  a  typical  point  invariant.  These  operations 
form  a  subgroup,  and  we  shall  have  ^ 

n  h(i  ^  h  (16-8) 

where  h  is  the  number  of  operations  of  the  group. 

The  potential  due  to  such  a  system  of  point  charges  may  be  written  as 

V  -  4-  XKV=-f  XRVg  (16-9) 

ho  R  "  h  R 


This  may  also  be  expressed  as  follows 

V.nP‘^''Vg  (16-10) 

where 

=  4-  X  R  (16-11) 

^  R 

is  the  projection  operator  for  the  totally  symmetric  representation,  Aj,  of  the  group.  When 
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this  operates  on  the  coefficients  Pj^fcos  at^)  expressed  in  the  form  of  Etj.  (16-7),  only  the 
totally  symmetric  terms  survive 


P,  (cos  S  (©.,  <D„)*  {0,  <!>)  (16-12) 

^  "  2L  +  1  a  an 

The  expression  for  the  potential  due  to  one  set  of  n_  equivalent  point  charges  q,  takes 
the  form 

V(r,  0,  .^)  = -21  ^  0)  (16-13) 

In  the  case  of  a  crystal  lattice,  it  is  often  necessary  to  consider  more  than  one  set  of 
identical  charges,  and  we  shall  need  to  assign  an  index  s,  which  labels  the  different  sets, 
to  the  pertinent  variables  in  Eq,  (16-13).  The  total  potential  is  obtained  by  adding  over  all 
the  sets  s  of  identical  point  charges.  The  final  expression  obtained  may  be  written  in  the 
form 

V(r,  <?,  <^)=2  r^-  2  (0,  <^)  (16-14) 

L  =  0  a 

In  this  expression  the  functions  are  defined  as 

(16-15) 

y  2L+  1 

and  therefore  are  related  to  the  c^g^  operators  in  the  same  way  that  the  are  related 

to  the  spherical  harmonics.  The  index  Aj  has  been  suppressed  with  the  understanding  that 
the  are  the  totally  symmetric  functions. 

The  coefficents  ate  lattice  sums  extending  over  all  sets  of  equivalent  point 

charges 

a(L«)  „  J  Q(La)  ^  J  ^  (e„,  <!.„)•  (16-16) 

8  8  J\  ^ 

where  the  variables  0^^,  4)^^,  are  the  polar  coordinates  of  an  arbitrary  point  charge _a  of 
the  equivalent  set  s. 

In  the  case  of  a  continuous  charge  distribution  the  summation  in  Eq.  (16-17)  is  replaced 
by  the  corresponding  integral.  It  may  be  remarked  that  this  does  not  change  the  form  of  the 
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expansion  for  t!-.c  potential  given  by  Eq.  (16-14),  but  only  the  values  of  the  coefficients 

As  an  example,  the  contributions  0,^^^  to  the  coefficients  in  the  expansion  of  the 
potential  in  cubic  symmetry  are  given  in  Table  16-1  for  the  most  common  sets  of  equivalent 
point  charges  usually  considered  and  6.  The  totally  symmetric  functions  are 


j^v/T4  Y®  +  +  Y*/  ) 


(16-17) 
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TABLE  16-1 


POTENTIALS  FOR  EQUIVALENT  SETS  OP  POINT  CHARGES- CURIC  GROUP  O 


1'  ‘  - - 

n 

6 

12 

8 

(*1  y.  z) 

(0,  0,  a) 

{»,  0,  a) 

(a,  a,  a) 

R 

a 

v/T  a 

v/^Ta 

0 

0 

n/A 

sin  6 

0 

\JYT1 

^/I75• 

cos  0 

1 

VTTI 

VT7T 

/TiT  yO 
v-f-  '4 

1 

_  n. 

32 

“T^ 

(Y^Y;<) 

0 

>/7r 

32 

vTC" 

18 

V~lY0  +  yr(Y^Y,-<)] 

1 

- 

A 

_  _L 

3 

/fr  vs 

1 

/^(Y^  + Yg'*  ) 

0 

27:vSl 
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LsM 

9 

v/^  lY  J  -  (Y  ^6  + 

1 

a 

6  -f- 

6  vT-f- 

t 

0  Q(4) 

'IE  JL 

-  39  e 

32  JT  e 

8 

2  a7 

64  a^ 

729  a’ 

TUB  MATBIS  BLBMENTS  OF 

Tlie  energy  corresponding  to  the  crystal  field  term  is  found  to  be  very  often  of  a 
magniftirle  comparable  to  the  energy  separation  between  states  of  the  free  ion.  This  implies 
that  the  crystal  field  term  may  not  be  treated  as  a  small  perturbation  of  the  free  ion  Hamil¬ 
tonian.  It  is  usually  necessary  to  determine  all  the  matrix  elements  of  between  the  basis 
functions  considered  in  a  particular  problem,  and  solve  the  secular  determinant  corresponding 
to  the  Hamiltonian  matrix. 

This  offers  no  great  difficulties  for  the  simplest  electronic  configurations,  but  as  the 
number  of  electrons  increases  the  number  of  basis  functions  increases  very  rapidly.  As  an 
example,  the  numbers  of  basis  functions  for  the  d*^  configurations  are  indicated  in  Table  16-2. 

TAHLE  16-2 

d*^  (  ONFIGURATIONS  •  NVMIifiR  OF  BASIS  FUNCTIONS 


N 

Without  spin 

L-states  LML'functions 

With 

J -states 

spin 

JM-functions 

1 

1 

5 

2 

10 

5 

25 

9 

45 

3 

8 

50 

19 

120 

16 

100 

34 

210 

5 

16 

100 

37 

252 

Configurations  with  several  electrons  arc  of  no  less  importance  than  the  simplest 
ones.  Thus,  for  example,  the  states  of  the  Fe^^^  ion  belong  to  the  d^  configuration  and 
those  of  Fe^^  to  (d'*  hole  configuration).  However,  in  general  not  all  the  electronic 
states  are  of  interest,  and  some  of  them  have  not  even  been  observed  experimentally  in  the 
free  ions. 

In  view  of  the  considerable  amount  of  work  involved  in  the  several-electron  case,  it 
is  important  to  consider  carefully  the  computational  scheme  to  be  used.  In  order  to  simplify  the 
treatment  it  is  convenient  to  take  advantage  of  symmetry  considerations  to  the  largest 
possible  extent. 

The  main  steps  to  be  followed  may  be  briefly  described  as  follows: 
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a)  Selection  of  a  set  of  one-e?ectron  basis  functions  which  is  complete  to 
the  approximation  desired. 

b)  Formation  of  all  possible  products  of  N  one-electron  functions. 

c)  Antisymetrization  with  respect  to  permutations  of  electron  indices. 

d)  Construction  of  linear  combinations  of  product  functions  which  belong 
to  the  different  irreducible  representations  of  the  symmetry  group  of 
the  Hamiltonian. 

e)  Computation  of  the  matrix  elements  of  the  Hamiltonian  operator  between 
symmetry  functions. 

f)  Calculation  of  eigenvalues  by  solving  the  secular  determinant  corresponding 
to  the  Hamiltonian  matrix,  and  determination  of  the  eigenfunctions. 

g)  Calculation  of  the  matrix  elements  of  ocher  operators  of  interest,  transition 
probabilities,  etc. 

This  only  represents  an  outline  of  the  different  processes  involved,  but  it  is  not 
meant  to  imply  that  the  order  in  which  they  are  listed  is  the  most  convenient  in  practice. 

The  most  difficult  step  is  the  determination  of  the  matrix  elements  of  all  the  operators  in¬ 
volved  in  the  expression  for  the  Hamiltonian  and  it  is  therefore  of  prime  importance  to  per¬ 
form  this  in  the  simplest  scheme  possible. 

If  one  considers  the  Hamiltonian  of  an  ion  in  a  crystal  lattice,  the  terms  in  Hp,  corre¬ 
sponding  to  the  free  ion  energy,  are  spherically  symmetric,  while  the  crystal  field  term  V^- 
has  the  lower  symmetry  of  one  of  the  point  groups.  It  is  evident  that  the  matrix  elements  of 
Hp  are  most  conveniently  determined  in  a  set  of  spherical  basis  functions.  Although  the 
term  V^-  is  not  spherically  symmetric,  it  may  be  expressed  as  a  sum  of  terms  each  with 
different  but  definite  transformation  properties  under  rotations.  This  is  simply  accomplished 
when  the  functions  are  expressed  in  terms  of  spherical  harmonics.  The  matrix  elements 

of  the  different  terms  in  this  sum  may  be  obtained  without  great  difficulties  in  spherical  basis. 
In  fact,  if  the  reduced  matrix  elements  are  known,  the  application  of  the  Wigner-Eckart  theorem 
in  spherical  basis  is  straightforward. 

If  this  scheme  is  followed,  the  transformation  of  the  Hamiltonian  to  the  basis  appro¬ 
priate  to  the  point  group  of  may  be  accomplished  by  a  similarity  transformation.  The 
transformation  between  spherical  basis  functions  and  the  symmetry  functions  of  a  given 
point  group  is  rather  simple,  as  it  is  diagonal  in  all  the  quantum  numbers  except  M,  and  the 
matrix  elements  depend  only  on  J,  M,  and  the  particular  point  group  in  question.  Moreover, 
this  transformation  may  be  determined  once  and  for  all,  and  the  results  have  been  given  in 
Section  7, 
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According  to  rliis  procedure,  the  problem  is  actually  broken-up  into  two  parts,  one  of 
which  is  independent  of  the  lattice  symmetry,  the  other  independent  of  electronic  config- 
utatlon,  number  of  electrons,  etc,,  but  only  on  the  values  of  J  for  the  different  states. 

By  exactly  the  same  type  of  reasoning  one  easily  finds  the  advantages  of  classifying 
the  basis  functions  for  configurations  of  equivalent  electrons  according  to  those  groups  of 
symmetry  such  as  R^,  or  and  G2,  previously  introduced.  Although  the  Hamiltonian  is  not 
totally  symmetric  under  those  groups,  it  may  be  expressed  as  a  sum  of  terms  which  belong 
to  irreducible  representations  of  these  groups.  Thus,  for  example  the  set  of  fourteen  operators 


-2  i  q  i  2 

-d  <  q  $  2 

(16-18) 


all  together  form  a  basis  for  the  irreducible  representation  (20)  of  the  group  R^,  Therefore, 
in  a  set  of  basis  functions  classified  according  to  the  irreducible  representations  of  R  j, 
there  are  many  matrix  elements  for  these  operators  which  vanish  on  account  of  symmetry. 
Thus,  for  example,  for  the  d’  configuration,  the  matrices  of  the  corresponding  crystal  field 
operators  (i)  and  (i)  have  the  form 


(22)  (21)  (10) 

(22) 

(21) 

(10) 


(16-19) 


where  the  unshaded  areas  correspond  to  the  matrix  elements  which  vanish  for  symmetry 
reasons. 

In  view  of  tliese  considerations,  we  have  determined  the  angular  factor  of  the  reduced 
matrix  elements  of  tlie  operators  which  appear  in  the  expression  of  the  crystal  potential  for 
configurations  of  p*^,  d*^,  and  electrons  in  the  gSL  scheme,  and  these  are  listed  in  the 
Tables.  These  do  not  include  the  results  for  the  states  of  f^  and  f^,  nor  the  and 
states  of  f'’.  Prom  those,  the  angular  factors  of  the  reduced  matrix  elements  for  states  of 


16-9 


the  mixed  configurations  may  be  obtained  by  sample  coupling  formulae  given  in  Section  12. 

The  reduced  matrix  elements  are  given  for  the  operators  Cg  which  differ  from  the 
corresponding  operators  for  the  spherical  harmonics  by  inclusion  of  the  (actor  (4n’/2K  +  1)^ 

(K  ) 

These  are  related  to  the  U  g  operators  of  Eq.  (15'-7)  by  the  relation 

(  4  11  €<*'>  11  t)  (16-21) 


where 


-f,)  =  (-1)'^  (2-e  + 1)  ( ^ 
Vo  0  0 


(16-22) 


(K  i 

For  K  odd,  the  C  g  operators  have  vanishing  matrix  elements  between  states  of  the 

configurations  of  equivalent  electrons,  since  the  reduced  matrix  elements  of  the  corresponding 
(K )  .  . 

one-electron  operators  c  g  vanish  according  to  Eq.  (16-22).  However,  the  reduced  matrix 
(K )  ^ 

elements  of  the  U  g  operators  do  not  vanish  and  these  are  given  in  the  Tables.  The  sign 
of  the  reduced  matrix  elements  of  these  operators  determines  the  choice  of  phases  for  the 
states. 

The  states  are  classified  according  to  gSL,  as  this  is  the  best  choice  for  the  general 
case.  If  the  spin-orbit  coupling  is  to  be  treated  rigorously  it  is  convenient  to  operate  in  the 
laJM)  basis.  In  this  case  the  reduced  matrix  elements  may  be  easily  obtained  from  those 
listed  by  means  of  the  coupling  formulae  of  Section  12,  in  particular  Eq.  (12-16).  The  6-j 
symbols  which  appear  in  these  formulae  have  not  been  tabulated  on  account  of  their  large 
number.  In  our  scheme  of  calculations  the  needed  6-j  symbols  are  computed  by  use  of  a  pro¬ 
gram  for  the  IBM  electronic  computer. 
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APPENDIX  A 


(A-1) 


(A-2) 


TABLE  A-1 

Lf-OENORP.  POLYNOMIALS 

PoM  =  1 

P,(X)»  X 

F2(x)=  -^(3x2-1) 

P3(x)=  (5x3  -3x) 

P4(x)=  -L(35x'»-30x2  +  3) 

8 

p,(x)=  -^(63x5-70x3  +  15x) 

8 

P6(x)  =  (231x6  -  315x<  +  105x2  -  5) 

P  (x)  =  -1-  ('*29x^  -  693x3  +  315x3  -  35x) 

16 

pg(x)  =  (6435x®  -  12012x6  +  6930x^  -  1260x2  +  35) 

128 
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LEGENDRE  POLYNOMIALS  (UNNORMALiZED) 

Definition: 


General  expression: 

PlM- 


l-3-5-(2^^1)  r^-e_i(4-U 

-tl  2(2'H) 


^(^-1)(^-2)(-C-3) 
2*4.  (2'(.-1)  (2-f.-  3) 


A- 4 


iq-  1)  (-t-2)(-t-3)('t-4)(^-5)  ,  , 

2.4.6.(2-(- l)(2't- 3)(2'E.- 5) 


Another  convenient  form  in  terms  of  the  cosines  of  the  angles  nQ,  is 
P^fcosO)  =  t  2  cos  I  $  ... 


+  2 


cos  (1-2)  e  +  2 


cos  (-t-  4)  0 


(A -3) 


+  2 


1-3 -3 
1-2.3 


■^(-fc-lK-t-  2) 

(2-E-l)(2.t-3)(2-t-5) 


cos  (-t-6)  6  +  •••■  ] 


tadlb:  a-2 

LF.CF.NDRF.  POLYNOMIALS 


Pq  (cos  <3)  =  1 

P I  (cos  0)  -  cos  0 

P,  (cos  0)  =  4  (3  cos  20  I  1) 

4 

P j  (cos  =  “^  (5  cos  30+3  cos  0) 

Pi  (cos  0)  =  •—  (33  cos  40  I  20  cos  20  +  9) 

’  64 

Pj  (cos  0)  =  (63  cos  50  I  35  co.s  30  +  30  cos  0) 

Pg  (cos  0)  =  (231  cos  60  +  126  cos  40  +  105  cos  20  +  50) 

Py  (cos  0)  =  (429  cos  70  +  231  cos  50  +  189  cos  30  +  175  cos  0) 

Pg  (cos  0)  =  (6435  cos  80  +  3432  cos  60  +  2772  cos  40  +  2520  cos  20  +  1225) 

NORMALIZED  ASSOCIATED  LEGENDRE  POLYNOMIALS 

De/itiUian: 

/-  fti 

-f-  wtSt 

'land  m  are  integers  and  0  <  m  ^ 't .  The  expression  also  has  a  meaning  for  negative  iti, 
but  0^(x)  and  e^”(*)  are  not  independent. 
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e^'"(x)  =  (-ir  ©ICx)  (A -5) 

The  0]^  ate  single-valued,  continuous,  and  quadratically  integrable  in  the  interval  - 1  <x  <1. 


Orthogonality: 


Other  properties: 


e|(x)  0|',(x)dx  --  8^^. 


The  0^  (x)  are  real  functions. 


e|(-.x)  =  (-1)'^+  ">  0^(x) 


(-l)'^0-j"(x) 


General  expression:  (for  x  =  cos  0) 


0|  =  (-sin  0)"'  ■  -  /mmiZtSj  [  (cos  0)-^  - 

2-^^!  (-t-m)!  y  2  (-t+  m)l 

-  Ji:_nO(-^-n'-l)  (cos  0)-^-  m  -  2  (, 

2  (21-  1) 

(-e-m)(^-m-I)(d:-ni-2)(^-m-3),  n 

2.4.(2^-l)(2d;-3) 


SPHERICAL  HARMONICS 


Definition: 


Yl  (0,,f>)  =  0|  ( cos  0)  (A -9) 

J2n 

-tand  m  are  integers,  and  -  m  <  -t  •  There  are  2Z  i  1  independent  functions  for  a  given 
value  of  ■i. 


Orthonormality: 


Y|’(M)*  =  (-ir  Y-^"’  (0,.f.) 


d<^  j"  Yj  Y™  '  (0,rl>)  sin  Od  0  =  e„ 


(A-10) 


(A-11) 


Addition  Theorem; 


4n  ^ 

P^(cos  0)  =  ^-^  5:  Y"'(02,,^2) 

^  'i'  +  1-  m=— C 


(A-12) 


where  0  is  the  angle  between  the  unit  vectors  in  the  directions  (0|,<^j)  and  (02t^2)*  P^(cos  0) 
is  the  unnormaliKed  Legendre  polynomial  of  degree  4.  For  x  =  cos  6, 


(A-13) 


TABLE  A-3 

SPHERICAL  HARMONICS 
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Art 


-J-  y  2  .  3  •  sin^  0  .  e‘20 
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2  V  4rr 


Y3  =  -i-  OTTT .  sin^  0  .  e'J<^ 

3  4/4;, 

Y  j  =  -L  /--2—  •  2  •  3  •  5  sin^  0  •  cos  0  •  e*^*^ 

3  4  Y  4it 
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yO  =  i-  (5  cos  3  0  —  3  cos  0) 
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TABLE  A-3 

SPHERICAL  HARMONICS 
(Continued) 
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J-^--  7  •  sin3  0  .  e‘5'/' 


-j^  y^-  2  .  5  •  7  sin*  0  .  cos  0  .  e‘*<?^ 
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y*'  4^  •  3  •  7  •  ll  sin^’  0  • 

— •  7  •  11  sin^  0  •  cos  0  ■  e'3*^ 

■y^  •  2  •  7  sin*  0  (11  cos^  0  -  1)  •  e' 


4<;& 


y*^  •  3  •  5~sin3  0(11  cos^  0  -  3  cos  0)  • 
y  4^  •30-7  sin2  0  (33  cos*  0-18  cos^  0  +  1)  •  « 
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TABL!£  A-3 

SPHERICAL  HARMONICS 
(  Continued) 


Y*  =  — L  •  3  •  7  sin  6  (33  cos^  0-30  cos*  0+5  cos  0)  .  e"^ 

16  V  4n 

7.11.  cos^  0-5.7.  cos*  0  +  3  •  5  .  7  cos^  0 

6  16  V  4ff 

To  obtain  expression  in  cartesian  coordinates,  use  the  relations: 

cos  0  ”  ,  sin"'0. 
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